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L.OI CAM DOAN

To6i xin cam doan day 1a cong trinh nghién citu cia toi. Cac két qua
nay duge lam dudi sy huéng dan cia GS. TSKH. Nguyén Minh Tri. Cac
két qua trong luan an viét chung véi thay huéng dan déu da duge su
nhat tri cia thay huéng dan khi dua vao luan an. Cac két qui trong
luan an la trung thuyc va chua ting dugc cong bd trong cac cong trinh

cua cac tac gia khac.

Nghién ciu sinh: Duong Trong Luyén



LOI CAM ON

Luan an dugce thyc hién va hoan thanh tai Bo mon Giai tich, Khoa
Toéan - Tin, Trudng Dai hoc Su pham Ha Noi, dudi sy hudéng dan cta
GS. TSKH. Nguyén Minh Tri. Thay da dan dat tac gid lam quen véi
nghién cttu khoa hoc khi tac gia con la hoc vién cao hoc. Ngoai nhiing chi
dan vé mat khoa hoc sy dong vién va long tin tudng ctia thay danh cho
tac gia luon la dong luc gitp tac gia tin tudéng va say mé trong nghién
cttu khoa hoc. Véi tam long tri an sau sic, tac giad xin bay toé long biét
on chan thanh va sau sic nhat doi voi thay.

Tac gia xin tran trong gui 16i cAm on dén Ban Gidm hiéu, Phong sau
Dai hoc, Ban Cht nhiém Khoa Toan - Tin, Truong Dai hoc Su pham
Ha Noi, dac biét 1a cac thay gido, co gido trong Bo mon Giai tich, Khoa
Toan - Tin, Truong Dai hoc Su pham Ha Noi, cac thay gido, co gido
trong Phong Phuong trinh vi phan, Vién Toan hoc, da luon giup da,
dong vién, tao moi truong hoc tap nghién cttu thuan lgi cho tac gia.

Tac gia xin cam on Ban Giam hiéu, cac anh chi em Khoa T nhién,
Truong Dai hoc Hoa Lu da tao moi diéu kién thuan lgi giap d6 tac gia
trong qua trinh hoc tap nghién ctu va hoan thanh luan an.

Tac gia xin tran trong cam on quy NAFOSTED da tai trg cho téc
gid trong sudt qua trinh hoc nghién citu sinh.

Ldi cam on sau cung, xin danh cho gia dinh cua tac gia, nhiing ngusi
da danh cho tac gia tinh yéu thuong tron ven, titng ngay chia sé, dong

vién tac gia vuot qua moi khé khian dé hoan thanh luan an.
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MOT SO QUY UGC VA Ki HIEU

Trong toan bo luan an, ta théng nhat mot sdé ki hiéu nhu sau:

RN

R,
R}

||
()
Cge(€2)
LP(€2)

khong gian vecto thyc N chiéu.

tap cac so thuc khong am.

tap cac s6 thuce duong.

chuan Euclid ctia phan tit # trong khong gian RY .

khong gian cdc ham kha vi lién tuc dén cap k trong mien €.
khong gian cac ham kha vi vo han c¢6 gia compact trong €.

khong gian cac ham lay thita bac p kha tich Lebesgue

trong mien (.

khong gian déi ngau ctia khong gian Banach H.
do6i ngau gitta H va H'.

tich vo huéng trong khong gian H.

anh xa dong nhat.

hoi tu yéu.

phép nhiung lién tuc.

phép nhung compact.

do do Lebesgue ctia tap 2 trong khong gian RY.

Ny
Toan tit Laplace theo bién x trong RM : A, = 86;
=1
Z N2 82
Toan tit Laplace theo bién y trong R : A, = > o7
j=1
z N3 32
Toan tit Laplace theo bién z trong R : A, = 5.7
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MO DAU

1. Li do chon dé tai

Li thuyét phuong trinh vi phan dao ham riéng dugc nghién ctu dau
tién trong cac cong trinh ctia J. D’Alembert (1717-1783), L. Euler (1707-
1783), D. Bernoulli (1700-1782), J. Lagrange (1736-1813), P. Laplace
(1749-1827), S. Poisson (1781-1840) va J. Fourier (1768-1830), nhu la
mot cong cu chinh dé mo ta co hoc ciing nhu mé hinh giai tich ctia Vat
li. Vao gitta thé ky XIX véi su xuat hién cic cong trinh ctia Riemann,
1i thuyét phuong trinh vi phan dao ham riéng da chiing t6 14 mot cong
cu thiét yéu ciia nhiéu nganh toan hoc. Cudi thé ky XIX, H. Poincaré
da chi ra moi quan hé bién ching gitta 1i thuyét phuong trinh vi phan
dao ham riéng va cac nganh todn hoc khac. Sang thé ky XX, 1i thuyét
phuong trinh vi phan dao ham riéng phat trién vo ciing manh mé nho
c6 cong cu giai tich ham, dac biet 1a tir khi xuat hién 1f thuyét ham suy
rong do S. L. Sobolev va L. Schwartz xay dung.

Nghién citu cac phuong trinh, hé phuong trinh elliptic tong quat va
phuong trinh hyperbolic di déng vai tro rat quan trong trong li thuyét
phuong trinh vi phan. Hién nay cac két qua theo huéng nay da tuong
d6i hoan chinh. Cling vé6i st phat trién khong ngiing ciia toan hoc ciing
nhu khoa hoc cong nghé nhiéu bai toan lién quan t6i do tron ciia nghiém
cua cac phuong trinh, hé phuong trinh khong elliptic va phuong trinh
hyperbolic tit dan suy bién da xuat hien. C6 mot s6 16p phuong trinh,
trong do6 c6 16p phuong trinh elliptic suy bién va phuong trinh hyperbolic
tat dan suy bién, 6 mot khia canh nao do cling c6 mot s6 tinh chat giong
v6i phuong trinh elliptic va phuong trinh hyperbolic tat dan chita toan
ti A. Tuy nhién cac két qua dat dudc cho cac phuong trinh elliptic va



hyperbolic tat dan suy bién van con it, chua day du. V6i cac li do néu
trén ching toi da chon dé tai nghién ctu cho luan an ctia minh 1a “Vé
mot s6 phuong trinh elliptic va hyperbolic phi tuyén suy bién”.
2. Muc dich nghién ciu

e Noi dung 1: Nghién citu bai toan bién elliptic suy bién chita toan
ta A, véi cac noi dung sau:

- Nghién cttu sy ton tai nghiém yéu ctia bai toan;

- Tinh chinh quy ctia nghiém yéu.

e Noi dung 2: Nghién citu phuong trinh hyperbolic tat dan chita toan

tit elliptic suy bién manh trong mién bi chan véi cac noi dung sau:
- Nghién ctiu sy ton tai va duy nhat nghiém tich phan;
- Nghién cttu sy ton tai tap hat toan cuc;
- Danh gia s6 chiéu fractal ctia tap hut toan cuc.

e Noi dung 3: Nghién citu phuong trinh hyperbolic tat dan chita todn

t Grushin trong toan khong gian véi cac noi dung sau:
- Nghién cttu sy ton tai va duy nhat nghiém tich phan;
- Nghién ctiu sy ton tai tap hat toan cuc.
3. D6i tugng va pham vi nghién ciu
D6i tuong nghién cttu clia luan an 14 xét bai todn bién va bai toan

bién gia tri ban dau c6 chita toan tit elliptic suy bién

Z < (W ax)

4. Phuong phap nghién citu

e D¢ nghién citu sy ton tai nghiém yéu ctia bai toan ching toi st

dung phuong phap bién phan.



e Dé nghién ctu tinh chinh quy ctia nghiém ching toi st dung dinh
Ii nhiing kiéu Sobolev vi mot s6 bat dang thiic.

e Dé nghién citu su ton tai duy nhat cia nghiém tich phan ching toi
stt dung phuong phap nita nhém (xem [53,59]).

e Dé nghién ctu dang diéu tiém can ctia nghiém, ching t6i st dung
cac cong cu va phuong phap cta li thuyét hé dong luc vo han chiéu
(xem [13,14,21,22,52,58,62,74]), néi riéng la phuong phap phuong trinh
nang luong va phuong phap danh gia phan dudi ctia nghiem.

e Dé chiing minh s6 chiéu fractal ctia tap hit toan cuc 1a bi chin
ching t6i sit dung phuong phép /— quy dao (xem [51,55]).

5. Cac két qua dat dudc va y nghia ctia dé tai

Luan an da dat dugc nhiing két qué chinh sau day:

e Do6i véi bai toan bién elliptic suy bién dua ra v chitng minh dudc
su ton tai nghiém yéu ctia bai toan véi mot so6 diéu kién ctia s6 hang phi
tuyén.Va ciing chitng minh dugc tinh chinh quy ciia nghiém. Day 14 noi
dung ctia Chuong 2.

e D61 v6i phuong trinh hyperbolic tat dan chita toan tit elliptic suy
bién manh trong mién bi chan: Chiing minh dugc sy ton tai va duy nhat
ctia nghiém tich phan. Ching minh dudc sy ton tai ctia tap hat toan
cuc vd danh gia dugde s6 chiéu fractal ciia tap hat. Day 1a noi dung cta
Chuong 3.

e D61 v6i phuong trinh hyperbolic tat dan chia toan ti Grushin
trong toan khong gian: Chiing minh dudgc syt ton tai vd duy nhat cla
nghiém tich phan. Ching minh dugc sy ton tai ciia tap hut toan cuc.
Day la ndi dung cua Chuong 4.

Cac két qua ciia luan an 1d méi, c6 ¥ nghia khoa hoc, va gép phan



vao viéc hoan thién viéc nghién citu sy ton tai ctia nghiém yéu, tinh
chinh quy ctia nghiém ctia bai toan bién elliptic suy bién, va dang diéu
tiem can nghiém ciia cac phuong trinh hyperbolic tat dan chita toan ti
elliptic suy bién.

Cac két qua chinh ctia luan 4n da dugc cong bd trong 04 bai bio trén
cac tap chi chuyén nganh qubc té, va da dudc bao céo tai

e Xémina ctia Bo mon Giai tich, Khoa Toan - Tin, Truong Dai hoc
Su pham Ha Noi;

e Xémina ctia phong Phuong trinh vi phan, Vién Toan hoc, Vién Han
lam Khoa hoc va Cong nghé Viét Nam,;

e Hoi nghi qubc té lan thit V vé nghién ctitu va gido duc trong Toan
hoc, Indonesia, 2012.
6. Cau tric luan an

Ngoai cac phan mé dau, tong quan, két luan, kién nghi, danh muc
cac cong trinh dudc cong bd va danh muc tai lieu tham khdo, luan an
bao gom 4 chuong:

- Chuong 1: Mot s6 kién thic chuan bj.

- Chuong 2: Su ton tai nghiém va tinh chinh quy cia nghiém cia bai
todn bién doi voi phuong trinh elliptic suy bién.

- Chuong 3: Tap hiit toan cuc doi vdi phuong trinh hyperbolic tat dan
chita todn ti elliptic suy bién manh trong mién bi chin.

- Chuong 4: Tap hait toan cuc doi vdi phuong trinh hyperbolic tat dan

chita todn ti Grushin trén toan khong gian.



TONG QUAN

Cac nghién cttu vé phuong trinh elliptic da duge dé cap kha nhiéu
trong cac cong trinh [17,29, 38,39, 67] va cic trich dan thém & trong
d6. Cac két qua dat dude doi véi phuong trinh elliptic, hé phuong trinh
elliptic, phuong trinh parabolic, va phuong trinh hyperbolic tat dan la

tuong doi tron ven.

Nam 1970, nha toan hoc ngusi Nga V. V. Grushin da dua ra toan tit
Gr = A, + |z|*A, v6i (v,y) € QC RN 2 Ny Ny > 1 k€ Zy
trong [32], tac gia V. V. Grushin da dat duge cac két qua sau:
e Néu k = 0 thi Gy 1a elliptic trong mién .

e Néu k£ > 0 thi G}, khong la elliptic trong mién Q C RM+M ¢ giao

khéac rong v6i mat = = 0.

Day 1a vi du dién hinh cho 16p toan ti hypoelliptic, nhung khong
la elliptic. Nha toan hoc V. V. Grushin da chiing minh dude néu Gru
14 ham kha vi vo han trong mién € thi w ciing kha vi vo han trong
mién () va cac tinh chat dia phuong ctia G}, dudc tac gia nghién ctiu kha
day du trong [32]. Nhitng két qui mang tinh tién phong nay da thuc
day hang tram cong trinh nghién ctu sau dé. Mot s6 chuyén gia ngoai
nudce cling da nghién ctu phuong trinh elliptic suy bién, phuong trinh
parabolic suy bién, phuong trinh hyperbolic suy bién va ciing da dat
duge mot s6 két qua trong cac cong trinh [15,16,31,32,40,44-48,61,75]
va, cac trich dan thém & trong d6. Mot sb tac gid trong nude ciing dat
dude cac két qua sau sac trong viéc nghién ciu cac phuong trinh, he

cac phuong trinh elliptic suy bién phi tuyén, phuong trinh parabolic suy
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bién, va phuong trinh hyperbolic suy bién. Cac két qua da dat dugdc
la: su ton tai va khong ton tai nghiém ctia bai toan bién cho phuong
trinh elliptic suy bién, hé phuong trinh elliptic suy bién trong cac cong
trinh [5,6,24-26,42,64,66,68-71] va cac trich dan thém & trong dé. Su
ton tai nghiém, dang diéu tiém can nghiém ciia phuong trinh parabolic
suy bién, trong cac cong trinh [1-4,7,9,56] va cac trich dan theém & trong
d6. Tinh diéu khién dugce ctia phuong trinh parabolic suy bién chita toan
ti Grushin trong cac cong trinh [8,9].

Nam 2012 cac tac gia A. E. Kogoj va E. Lanconelli da dua ra toan
tlt tong quéat cho hai toan tit Grushin va todn ti Py, x, trong [44], da
chi ra s6 mil t6i han ctia dinh 1i nhiing kiéu Sobolev, dong nhat thic
kiéu Pohozaev, chiing minh su ton tai nghiém yéu va tinh chinh quy cta

nghiém yéu ctia bai toan sau bang phuong phap bién phan:

Au—nu+ f(X,u) =0 trong €2,
g Ui f( ) g (0.1)
u=20 trén 0€,

& dé Q la tap mé bi chan trong RN, n > 0 va Au, N dugc dinh nghia
trong Chuong 1.

Ham f:Q x R — R 14 ham lién tuc théa méan:

o f(X,€) =o0(&) khi ¢ — 0 déu véi moi X € Q,

o f(X,§ = o(f%) khi & — oo, déu v6i moi X € €,

e Ton tai hai hiang s6 p > 2,up > 0 théa man £f(X, &) > uF(X,§)
V6l [€] > ug va FI(X,€) > 0 v6i € > g, FI(X,€) = jf(X, T)dr.

Nam 2016 céc tac gia C. T. Anh, va B. K. My trong [5] da nghién

citu sy ton tai nghiém cta Bai toan (0.1) v6i n = 0 va dieu kién cla

f:Q xR — R 1aham lien tuc thdéa man:
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o f(X,0)=0, lim L&& —q 2r = 2N
|¢|—+o00 €17

FXO  — 0 déu véi moi X € Q, trong do

e lim
[{=v=SE

¢
F(X,g):off(X,T)dT;

e lim sup% < 1 déu v6i moi X € Q, v6i uy 1a gia tri rieng dau

1€]—=0
tién cla toan tt —A, trong mieén  véi dieu kién bién Dirichlet

thuan nhat;
e Ton tai C, > 0,60 > 0 thoa man:
H(X,6) <OH(X, &) + 0, V60,6 € R0 < [&] < |6, VX € Q,
trong do H(X,€) = Y/(X.6) ~ F(X,€)

Khi d6 Bai toan (0.1) luén c¢6 nghiem yéu khong tam thuong. Va
nhiéu két qua déi v6i bai toan chita toan tit —A., ta c6 the xem trong

[6,46,47,50,72,73).

Cac két qua vé su ton tai nghiem, dang diéu tiém can nghiém cia

phuong trinh hyperbolic tit dan chita toan tit elliptic va toan ti elliptic

suy bién trong mién bi chin cling da dat dude mot s6 két qua nhat dinh.

Ta xét bai toan sau:

p

Utt+6UtZAU+f(X,U), XGQ,t>0,
¢ wX,t)=0, X e€at>0, (0.2)

u(X,0) = ug(X), u (X, 0) = uy (X),

trong dé € 1a mién bi chin c6 bién tron trong RY, 3 1a hang s6 duong
va up(X) € HH(Q),u (X) € LA(Q).
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- Nam 1984, J. K. Hale trong [34] va A. Haraux trong [37] da ching
minh dugdc su ton tai nghiém toan cuc va tap hit toan cuc ciia Bai toan

(0.2) vé6i dieu kien sau f(X,€) = f(€) € C(R;R), N > 3 va thoa mén:

()] < Collel™ +1), 0 < p < /(©)

liminf —= > —\y.
o< g it > X

- Nam 1989, A. V. Babin and M. I. Vishik [13] d&a chitng minh dugc
su ton tai tap hat toan cuc ciia Bai toan (0.2) trong trudng hgp s6 mi
2

t6i han, tic la p = = va sau d6 duge tong quat bai J. M. Arrieta, A.

N. Carvalho, va J. K. Hale [10].

- Nam 1988, R. Temam [62] da chiing minh dugc sy ton tai clia tap
hit toan cuc ctia Bai toan (0.2) va ndam 1994, E. Feireisl [28] da ching
minh tap hiat toan cuc cé s6 chiéu fractal 1a hitu han véi diéu kién sau
f(X,€) = g(§) + h(X), h(X) € L*(Q),9(§) € C*(R;R) théa man:

£

OO le) e .
1|€\—>oof £? =0 1|§\—>oof £’ =0, Gl = 0/9( Jdner >0,
va

0<p<oo khiN=12
19'() < Co(1+[€]P) véi { 0<p<2 khi N=3,
p =0 (tic la ¢ la bi chan) khi N > 4.

- Nam 1991, J. K. Hale and G. Raugel [36] d& ching minh dugc
SU ton tai nghiém toan cuc va tap hat toan cuc ctia Bai toan (0.2) véi
N =2 f(X,€) = f(€) thoa man dieu kién tang trudng mi

f e C(R;R), [f(&)] <€, lim inf@ > =\,

trong d6 0 la ham lién tuc thoéa man



- Nam 2004, J. M. Ball trong [14] da chting minh duge sy ton tai
tap hut toan cuc ctia Bai toan (0.2) bang phuong phép phuong trinh
nang lugng véi dieu kien ctia ham f(X,€) = f(£) 1a ham lién tuc thoa

man liminf £& > —\. A\, 1a gia tri rieng diu tién ctia toan tt —A

[
vdi dieu kien bién Dirichlet thuan nhat va |f(£)| < Cy (1 + 1€ \N]L) néu
N > 2,Cy > 0 1a hiing s6, |f(€)] < €’®), néu N = 2 trong d6 6 1 ham

lién tuc thoa man lim % = 0.

|§l—00

- Nam 2014, céc tac gia A. E. Kogoj va S. Sonner trong [46], da
nghién cttu Bai toan (0.2) suy bién c6 dang sau:

’

u(X, 1) + Pup = Lu(X, 1) + f(u(X, 1)), X €Q,t>0,
q uw(X,t) =0, X eoNt>o0, (0.3)
U(X, O) - uO(X)aut(X7 O) = u1<X)7

\
trong dé Q 14 mién bi chan c6 bién tron trong RY, 8 1a hing s6 duong,
L 1a toan tt X — elliptic (xem [46,48]), va f(£) thoa man dieéu kién:

o [f(&) = f(&)] < Ol —&[(1+al +]&l), véi C > 0,0 < p < 12,
q 1a hdng s6 dugce dinh nghia trong [46];

e lim sup& < p1, vOi pq 1a gia tri rieng dau tién cla toan tit —L

|€]—+o00
trong mién € véi diéu kién bién Dirichlet thuan nhat.
Khi d6 Bai toan (0.3) ¢6 nghiém toan cuc, c6 tap hat toan cuc va s6
chiéu fractal ctia tap hat d6 1a hitu han.
Cung véi viec nghién citu Bai toan (0.2) nhiéu tac gid cling nghién

cttu bai toan d6 trong mién khong bi chin va ciing dat duge mot s6 két

14



qua nhat dinh. Chung ta xét bai toan sau:
Uy + Bus +u = Au+ f(X,u), X € RVt >0, (0.4)
u(X,0) = ug(X), u (X, 0) = uy (X),
trong d6 S 1a hing s6 duong, ug(X) € H'(RY), w1 (X) € L*(RY).
- Nam 1994, E. Feireisl trong [28], da chiing minh dugc sy ton tai tap
htt toan cuc trong khong gian H(R?) x L?(R3) clia Bai toan (0.4) véi
N =3,§— f(X,§) = g(X,§) thoa man dieu kién:

e g€ C*(RY),g(-,0) € H'(R?),

%X, 0)‘ < O, v6i moi X € R3,

Z5(x.6)| < O(1 + [¢l). v6i moi X € BO.£ € B,

o liminf 22X > 0, déu véi X € R?,

GRE
o (g(X, £) —g(X, 0))§ > CE%, v6imoi € € R, | X| > 1r,C > 0.

- Nam 2005, Fall Djiby trong [27], bang cach st dung phuong phap
uéc luong dudi nghiem da chiing minh duge sy ton tai tap hit toan cuc
trong khong gian H'(RY) x L?(R") ctia Bai toan (0.4) véi diéu kién clia
ham f(X, ) nhu sau:

o {— f(X,8) =&+ h(§) — hao(X), hao(X) € L*(RY),

e hy € CHR,R), h(0) = 0,1 ()€ > CF () > 0,V€ € R, trong d6 C

£
1a hiing s6 duong, F(&) = [ hy(7)dr
0

h(§)

e 0 < limsup < 00

|§| =400
- Nam 2009, H. B. Xiao trong [33], da chtiing minh dugdc sy ton tai
tap hit toan cuc trong khong gian H'(RY) x L2(RY) clia Bai toan (0.4)

véi dieu kién ctia ham f(X, ) nhu sau:
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o {— f(X, ) =&+ (8) — ha(X), ha(X) € LA(RY),

o hy € CHR,R), hi(£)€ > 0,|R1(E)] < C (1 + [£]P),VE € R, trong d6
C 1a hang s6 duong, p > 0,p(N —2) < 2.

T nhitng két qua & trén, ching ta thay rang doi véi 16p phuong trinh
elliptic suy bién va phuong trinh hyperbolic suy bién mic du da c6 mot
sO két qua tuy nhién cac két qua thu dude van con it va con nhicu van
dé mé can duge nghién ciu lien quan dén toan tit A.,. N6i rieng, nhing
van dé md ma ching toi quan tam trong ludn 4n nay (xin xem thém

phan Két luan vé nhitng van dé mé khac) bao gom:

e Nghién cttu tinh chinh quy ctia nghiém ctia bai toan bién elliptic

suy bién chia toan ti A,.

e Nghién citu sir ton tai nghiem yéu ctia bai toan bién elliptic suy bién

chita toan tit A, trong mot s6 truong hop ciia ham phi tuyén.

e Nghién ctu sy ton tai nghiém tich phan va dang diéu tiém can
cia nghiém (thong qua tap hat toan cuc) cia bai toan hyperbolic
tat dan chia toan ti elliptic suy bién manh trong mién bi chin va

chiing minh s6 chiéu fractal ctia tap hut toan cuc la hitu han.

e Nghién cifu su ton tai nghiém tich phan va dang diéu tiém can cla
nghiém (thong qua tap hut toan cuc) trong truong hop bai toan

hyperbolic tat dan chita toan tit Grushin trong toan khong gian.
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Chuong 1
MOT SO KIEN THUC CHUAN BI

Trong chuong nay, ching toi trinh bay mot sé kién thitc chuan bi,
bao gom: Khai niém toan ti A,, mot s6 khong gian ham, cac tinh chat
quan trong st dung trong luan an, cac két qua tong quat ve 1i thuyét tap

hiit toan cuc va mot sé két qua bo trg dudge ding cho céc chuong sau.

1.1 Toan tu A, va mot s6 khéong gian ham
1.1.1 Toan tw A,
Gid st Q 1a mot mién bi chan c6 bién tron trong khong gian
RN, N > 2. Khi d6 trong [44], chiing ta dinh nghia toan tit:
- %,
Ay = Za%‘ (7328%‘) , Oy = B
Lj

j=1
trong d6 ham v; : RV — R 1a cac ham lién tuc va théa méan v; > 0,

j=1,2,..., N trong RV\II, véi

N
IT .= {X(ml,xg,...,xN) ERNZH.CCJ'O}.
=1

Hon nita, ching ta gid sit v;(X) théa man céc tinh chat:
) 1(X)=1,v(X) =9 (x1,29,...,25-1), 7=2,...,N;
ii) Vi méi X € RY ta c6 v; (X) =, (X*), 7 =1,2,..., N, trong
do
X*=(|z1|,...,|zn]) néu X = (z1,29,...,7N);
iii) Ton tai hiang s6 p > 0 sao cho:
0 <240:,7 (X) <py; (X),Vke{1,2,....j—1} ,Vj=2,..., N,
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voi moi X € RY == {(21,...,2n) e RY 1 2; > 0,Vj =1,2,...,N};
iv) Ton tai nita nhom {d;},., théa man:
& :RY — R
(x1,...,xn) —> O (a1, ... xn) = (t72q, ..., tV2N)

voi 1 =& < g9 < -+ < ey, sao cho v, 1a & — thuan nhat bac ¢; — 1, tiic

N

1a

v (6 (X)) =571 (X)), VX e RV WVt >0, j=1,...,N.

Ching ta dinh nghia N la s6 chiu thudn nhat ciia RY ciing véi nita

nhém {d; }~0, tiic la

~

N:i=¢ec+e2+--+en.
Vi du 1.1.1. Gi st k 14 mot s6 thuc khong am. Khi d6 toan ti
Ay = Ay + |zA,,
trong do6

v = (\1,1,...,11,\:13|k,...,\x\]i),a: = (z1,79,...,75,) € RM,
TV TV

N;— SO No— SO

Yy = (y17y27"'7$N2) S RN27N17N2 S N7

dugc goi 1a toan tit Grushin (xem [31]).
Vi du 1.1.2. Gia stt k1, ks 1& céc s6 thuc khong am. Khi d6 toan ti

Ay = Ag + Ay + [y A

trong do
y=(11,...,1 ,l::r;\kl\y|k2, e |x|k1\y|ki),x = (z1,29,...,2y,) € RM,
TV '
(N;+No)— SO Ny— 8O

Yy = (y17y27 s ,ZL'N2> S RNQ?'Z — (Zlu By vy ZNg) S RN37N17N27N3 c N7
dugc goi 1a toan tt elliptic suy bién manh (xem [65,73)).
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1.1.2 Mot s6 khong gian ham
Dinh nghia 1.1.3. V6i 1 < p < oo, ta dinh nghia tap tat cd cdc ham
u € LP(€2) sao cho v;0,,u € LP(2) v6imoi j = 1,2,..., N, la khong gian
SP(§2).

Chuan trong S2(Q) duge dinh nghia la

} %
lullsyor = § [ <up+zmamup> o

Q =1
Néu p = 2 chung ta dinh nghia tich vo huéng trong S?Y(Q) nhu sau:
N
(u, U)sg(ﬂ) = (u, U)L?(Q) + z; (Vjﬁwjuﬁjawjv)ﬂ(ﬂ) '
]:

Khong gian S? ((Q) dinh nghia nhu la bao déng clia Cj(Q?) trong
khong gian S?(2) véi Cj(Q) la tap cac ham trong C'(€2) c6 gia compact
trong €.

D& dang chitng minh duge SP(2) va S? ((€2) la cac khong gian Banach,
cac khong gian S2(Q) va S2 ;(2) 1a cac khong gian Hilbert.

Dat

N 1
Vou = (7105,u, ¥205,1, . . ., YNOxytt) , |Vyul = (Z hj(?xjuf) )

J=1

Neu v = (1,1,...,1, z|®,...,|z/F) thi ching ta ki hiéu

N,— SO Ny— SO N
G = A,y’ SI%O(Q) = 370(9), Vi = ny, va N, ;=N = N + (1 + k)NQ

Neuy = (1,1,...,1 )™y *2, o |z " |y |*2) thi ching ta ki hieu

<)

(N1 +Ns)— SO Ns— 80
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~

Pkl’k2 = A%S(Qkh]w),o(g) = 5’370(9)’ vk17k2 = v% va Nk17k2 =N =
N1+ Ny + (1 + ki + ko) Ns.

Dinh nghia 1.1.4. Ching ta dinh nghia khong gian S?(R") 1a bao déng

ctia khong gian C5°(RY) véi chuan

[ull g2y = L/ <\U\2 + |Vku\2> dX

Khi d6 khong gian SZ(RY) la khong gian Hilbert v6i tich vo huéng nhu

2

sau:
(u, v)g2myy = (U, V) 2yy + (Viu, Vi) @y,
1.1.3 Mot s tinh chat
Tu Ménh dé 3.2 va Dinh 1i 3.3 trong [44] ta co:
Meénh dé 1.1.5. Gid sv N > 2. Khi dé phép nhing

: 2N
5’3,0 (Q) — L% (Q), trong do 23 — =

la lien tuc. Hon nita, phép nhing S2 () — L1(Q) la compact vdi moi
q€L,2]).

Meénh dé 1.1.6 ( [2], Bo dé 2.1). Gid sii Ny, > 2. Khi dé ta c6

IN,,

SHRY) = L (RY) | trong déQSpSQZ:Nk_Q.

Luu y 1.1.7. Ta c6 chuan ullgz (@) v chuan
Y

N[—=

lallse o = | [ 1970
Q

la tuwong duong.
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Luu ¥ 1.1.8. Néu N > 2 va Q chita gbc toa do thi dinh If nhing

SN(Y)
ta dat

~

=+ 7T =p(7).
¥ (7)

v-2"7(Q) 1a khong ding véi mdi 7 1a s6 duong. That vay,

Lay ¢(X) € C°(R2) va ¢(X) # 0. Gia st © 1a mot sd du 16n théa man

Pp(X)

Ta co

= ¢ (071 21,0%2,,...,0xy) = @(Xp) € CF*(Q) v6i moi 6 > O.
Chiing ta xét hai s6
A, — [Doll Lot () @ A — 101l v () .
[ all] 52,0 [1]52 (2
(¢0(X))"7 dX

do do

D= P "

(7)
<qf>9 ((951[131, 9821’2, ceey QE"LL"N) >p dxidzs .. .day

dX@a

(1)
/ g (071 21,0%29,. .., 0 xy) )p do0* xd602xy ... dO NN
9)
Q/

__N_
H¢9HLP(T)(Q) =0 0 H¢||Lp(f)(g)

Mat khac ta co

1
2

N
[ @allls2 ) = /Zhjaxjgbg\QdX
o J=1

N
1
/ Q_N Z |’yj3qub9|2d951x1d952x2 A0y
=1
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Tu gid thiét iv), ta co
V(w1 . 2N) O, 00(X) = «9_59'“%-((951:131, 072y, ...,01N)0,, (X)),

va

Op,09(X) = 090, ¢(0° 21,0715, . .., 07 2N).

Do vay

N|=

B N
oallseyo = 6% | [ 3 otanan, otenlaXs
Q J=1

— 6" |lI6llsz, 0 (1.2)

Tir (1.1) va (1.2), ta ¢6

__N_
07 |l oy p

N

0= ]19][]52

v

N

p(7) Al .

Ay

Do%—l—%>0,nénz49—>ookhiﬁ—>oo.

Dinh nghia 1.1.9. Cho H 1a khong gian Banach. Anh xa E: H — R
dugc goi 1a kha vi Fréchet tai diém w € H néu ton tai anh xa tuyén tinh
bi chan DE(u) € H thdéa man
|E(u+v) — E(u) — DE(u)(v)]
o]l
Khi d6 DE(u) duge goi 1a dao ham Fréchet cia E tai w. Hon ntta, dao
ham cia F tai u theo huéng v ki hiéu béi (v, DE(u)) := DE(u)(v).

— 0, khi |jv]|; — 0.

Anh xa E 1a thuoc 16p C* néu anh xa u — DE(u) la lién tuc.

Dinh 1i 1.1.10 ( [60], Dinh li 1.2). Cho H la khong gian Banach phdn
za va M C H la tap déng yéu trong H. Gid st E : M — R U +oo la
bic trén M, tic la
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1) E(u) — oo khi ||ul||; — co,u € M;

va E la nida lien tuc dudi yéu trén M, tic la

2) Voi moiu € M day {u,} C M,u, — u trong H thi

E(u) < liminf E(u,).

n—oo

Khi do E by chan dudi tréen M va dat infimum trén M.

1.2 Tap hut toan cuc va tinh chéat
1.2.1 Mot s6 dinh nghia
Dinh nghia 1.2.1. [57] Gid st H la mot khong gian Banach va
S(t): H— H, véit >0 la mot ho cac anh xa théa mén

i) S(0) = Id, v6i Id 1a phép dong nhét.

it) S(t+s) = S(t)S(s), v6i moi t,s > 0,

iii) Véi mdi ¢t > 0, S(t) € C(H, H);

iv) V6i moi u € H,t — S(t)u € C((0,4+00), H).
Khi d6 {S(t)};>0 duge goi 1a nita nhém (phi tuyén) lién tuc trén H.
Pinh nghia 1.2.2. [53] Ho anh xa {S(¢) };>0 dugc goi la mot nita nhom

tuyén tinh lién tuc manh trén H (hodc don gidn 1a Cy— nita nhém trén

H)néu S(t) : H — H la anh xa tuyén tinh bi chén trén H v6i moi t > 0,

N

va
i) S(0) = Id, v6i Id 1a phép dong nhat.
it) S(t+s)=S5(t)S(s), v6i moi t,s > 0,

i11) V6i moi u € H,t — S(t)u € C([0,400), H).

Dinh nghia 1.2.3. Gia st {S(t) }+>0 & mot Cy— nita nhém trén H. Ta
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dinh nghia toan tit sinh A ctia né nhu sau:

S(t)u —u

t—0+

D(A) = {u € H: lim ton tai trong H},

_ +
Au = G 2Wuze _TEOW) b,
t—0+ t dt t=0

Dinh nghia 1.2.4. [57] Gia st S(¢) & mot nita nhém trén H.

1. Ham ® € C(H,R) dugc goi 1a ham Lyapunov néu

O(S(t)u) < P(u), VEt>0, VueH.

2. Ham Lyapunov ® dugc goi 1a ham Lyapunov ngit néu
O(S(t)u) = ®(u) v6i moi t > 0, kéo theo u la diem can bang, tic 1a
S(t)u = u v6i moi t > 0.

3. Ntta nhém S(t) duge goi 1a he gradient lien tuc néu né c6 ham
Lyapunov ngét, va nita nhém S(¢) la nita nhém lién tuc.

Dinh nghia 1.2.5. Mot tap con khéac rong A cia H goi la mot tap hat
toan cuc dbi v6i nita nhém S(¢) néu:

1. A 1a mot tap dong va bi chan;

2. A la tap bat bién, tiic 1a S(t)A = A, véi moi t > 0;

3. A la hit moi tap bi chan, tic la véi moi tap bi chan B C H thi
dist(S(t)B, A) — 0 khi t - 400, & day

dist(S(t)B,A) = sup infd(a,bd).
acS(t)B beA

Dinh nghia 1.2.6. Gié st H 1a khong gian Banach, nita nhém S(t) goi
I3 compact tiém can néu véi moi t > 0, S(¢) c6 thé bieu dién duge dudi
dang

S(t) = SW(t) + S@ (1),

24



& do SW(t) va S@(t) théa man cac tinh chat sau

1. Véi bat ky tap bi chan B C H

sup ||SY(t)y||z — 0,khi t — 400.
yeB

2. Véi bat ky tap bi chin B trong H ton tai ¢ty sao cho bao dong ciia

U S@(t)B 1a compact trong H.

>t
Dinh nghia 1.2.7. Cho H la khong gian metric day du.
a) Quy dao duong cua x € H 1a tap hop v+ (z) = {S(t)z : t > 0}.

Néu B C H, thi quy dao duong ctia B 1a tap hop

v (B)=Jsw)B=Jr" (.

t>0 z€B

Tong quat hon, véi 7 > 0, ta dinh nghia quy dao sau thoi diem 7 ctia
B béi 4+(B) =7 (S(7) B).

b) Phan tit ug € H dudc goi 1a diém can bang néu S(t)ug = vy voi
moi t > 0.

c¢) Gia stt ug la diém can bang khi d6 tap
W"(up) = {y € H : S(t) xac dinh véi moi ¢, S(—t)y — ug khi t — +o0},
duge goi 1a da tap khong on dinh ciia .
d) Gid st A C H, tap hop
w(A) = {y € H: ton tait, >0,y, € A sao cho t, — 400 va
S(tn)yn — y khin — —i—oo},
dugce goi la tap w— gidi han cua A.
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Dinh nghia 1.2.8. Cho M la mé6t tap compact trong khong gian metric
H. Khi d6 sb chiéu fractal cia M dugc dinh nghia nhu sau:
Inn(M,e)

dimﬁM = lim sup —,
e—0 n-<

z N A A . + 2 7 N X s - s s X
trong d6 n(M, €) 1a so toi thieu cac hinh cau déng c6 ban kinh e can

thiét ding dé phu tap M.

Dinh nghia 1.2.9. [55] Gia st H la mot khong gian Hilbert. Ching
ta n6i anh xa L : H — H c6 “tinh chat nén suy rong” (“generalized
squeezing property”) trén tap A C H viét tat 1a (GSP) néu ton tai hang
s6 C > 0,0 € (0, %) va mot phép chiéu truc chuan hitu han chiéu P

trong khong gian H sao cho mdi cip 1, 12 € A, hoic

=

2

Loy = Laly < € (I1P(ar = )y + |1P(Lar — L))

hoac

| Lay — Las|ly < 0|z — 225 -

1.2.2 Mot s6 tinh chat

Dinh 1i 1.2.10 ( [57], Dinh 1i 4.6). Gia s S(t),t > 0 la mot hé gradient
compact tiém can, thoa mdan vdi moi tap bi chan B C H, véi 7 > 0 ta
c6 v (B) la bi chin . Khi dé, néu tap cdc diém can bang E bi chin thi
S(t) c6 mot tap hit toan cuc compact A va A = WY(E). Hon niia, néu
H la khong gian Banach thi A la lién thong.

Bo dé 1.2.11 ( [23], B6 dé compact Aubin-Lions). Gid sit Hy, H, Hy la
cac khong gian Banach sao cho Hy nhing compact trong H, H nhing
lién tuc trong Hi va Hy, Hy la khong gian phan za. Voi 1 < p,q < oo,
dat

du

W = {U c Lp(O,T; H()), E - Lq(O,T; Hl)},
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v01 chuan

Lq(OaTaHl)

B du
el = el oz + | 5
Khi do W nhing compact trong LP(0,T; H).

Pinh Ii 1.2.12 ( [53], Dinh i Stone). A la toan ti sinh cia mot Cy
nhom cdc todan ti unita trén khong gian Hilbert H khi va chi khi i A la

toan tu tu lién hop.

Dinh Ii 1.2.13 ( [53], Dinh 1i 2.2). Gid st T(t) = e la mot Cy nita

nhom. Khi dé ton tai cdac hang s6 w > 0 va M > 1 théa man
1Tl gy < Me', ¥ t € [0,00),
trong dé L(H) la tap cdc todn ti tuyén tinh lién tuc tu H vao H.

Bo6 dé 1.2.14 ( [55], B dé 4.1). Cho H la mot khong gian Hilbert
va A C H la tap bi chan. Gia s anh xa L : A — H théa man
L(A) = A, L la lién tuc Lipschitz va théa man tinh chat GSP trén A.
Khi dé dim{,.A < oc.
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Chuong 2
SU TON TAI NGHIEM VA TINH CHINH QUY CUA
NGHIEM CUA BAI TOAN BIEN DOI VOI PHUONG
TRINH ELLIPTIC SUY BIEN

Trong chuong nay, chung t6i nghién cttu mot 16p bai toan bién elliptic
chita toan tit A, v6i mot s6 dieu kién ctia s6 hang phi tuyén va két qua
ching toi dat ducc 1a cac dinh 1i vé sy ton tai clia nghiém yéu khong
tam thuong, dinh Ii vé tinh chinh quy ctia nghiém. Chuong nay gom hai
phan:

- Phan tht nhat: Trinh bay mot s6 dinh 1f vé su ton tai nghiem yéu.

- Phan tht hai: Trinh bay tinh chinh quy clia nghiém ctia bai toan
bién.

Noi dung ctia chuong nay duya trén cac bai bao [1], [2] trong Danh

muc cong trinh khoa hoc ctia tac gia liéen quan dén luan an.

2.1 Mot s6 dinh 1i vé su ton tai nghiém yéu

Trong muc nay tac gid sé nghién ctiu sy ton tai nghiém yéu cia
bai toan bien elliptic suy bién chita toan tit A,, phuong phap téc gia
st dung & day ld phuong phap bién phan. Cu thé la tac gia xay dung
phiém ham sau d6 kiém tra phiém ham dé théa man céac diéu kien cia

Dinh 1i 1.1.10.
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2.1.1 Dinh li vé su ton tai nghiém yéu

Trong muc nay tac gia xét bai toan sau:

Au+ f(X,u) =0 trong £,
gl f( ) g (2.1)

u=ugy trén 0f),

trong d6 Q la mot mién bi chan véi bién tron trong RY va
Uy — UQ(X) c CQ(Q)
Dinh nghia 2.1.1 (xem [25]). Gia sit u,v € S2(€2). Ham v dugc goi la
nhé hon hodc béang u trén 992 néu max {0,v — u} € S2((Q), ta ky hieu
1a v < w trén 0f) .
Dinh nghia 2.1.2. Him u € Ss () duge goi la nghiem yéu cla
Bai toan (2.1) néu u — ug € S () va

/(Vvu, V.p)rvdX — /f (X, u(X))pdX =0,V € C° ().

Q Q
Dinh nghia 2.1.3. Ham u € Sg (2) dugc goi 1a nghiem dudi yéu cla
Bai toan (2.1) néu u < ug trén 09 va

J (0.9, 0)a0dX = [ 0 0(X)) 00X < 0.0 € G (@), 2 0.
Q Q

Ham u € S% (Q) dugce goi 1a nghiém trén yéu ciia Bai toan (2.1) néu

u > ug trén 0€) va

Q Q

Tu Meénh dé 7.2.1 trong [72], ta co:
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Ménh dé 2.1.4. Gid st f(X,6) € C(Q x R) théa man diéu kien
|f(X,€)] <a(X)+ blE|P trong do

~

) N 42
a(X) € L (Q),1 < p < N+2,beR+,u0:0.

Khi dé u la nghiém yéu cia Bai toan (2.1) khi va chi khi v la diém
tdi han cia phiém ham E(u) dinh nghia bdi cong thic:

/\V,yu\ dX — / (X, u(X))dX,

£
trong do F(X,&) = [ f(X
0

Dinh 1i 2.1.5. Cho N > 2. Gid stt u(X) € S2(Q) la nghiem dudi yéu,
u(X) € S7(Q) la nghiem tréen yéu cia Bai todn (2.1) va cdc hang so
¢, ¢ € R théa man —oco < ¢ < u(X) <u(X) <€ < +oo hau khap noi
trong 0, va f(X,€) théa man dieu kien |f(X,€)| < a(X) + bl€|P trong
do

~

. N+ 2
o(X) € L (Q),1 < p < N+2,bER+.

Khi dé ton tei nghiem yéu u (X) € S2(Q) cla (2.1), théa man diéu
kien u (X) <wu(X) <u(X) hau khdp noi trong Q.

Chiing minh. Dé chting minh dinh 1i trén ching toi st dung
Dinh 1i 1.1.10.

Dau tién ching ta ching minh dinh li ding véi vy = 0. That vay, ta
dinh nghia phiém ham F trong khong gian 5’3’0 (©2) nhu sau

1 2
=— [ |[Vyul"dX — [ F(X,u(X))dX.
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Dat

M = {u (X) € 52,(Q):u(X)<u(X)<u(X) hiu khip noi trong Q}

Ta co
W(X) néw w(X) >0,
maX{O,g(X)}—maX{O,—ﬂ(X)}:< 0 néu w(X)<0<a(Xx),
u(X) néu u(X) <u(X) <0,

nén max{0,u(X)} — max{0, —u(X)} € M, do vay M la tap khac rong.

Ta can ching minh M 13 tap dong yéu, va phiém ham £ thdéa man
cac diéu kién ctia Dinh 1i 1.1.10.

Lay bat ky day {u,(X)} € M v u,(X) — u(X) khi n — oo trong
520 (). Do u(X) < u, (X) <@ (X) hau khip noi trong Q véi moi n.
Do vay u(X) < u(X) < @ (X) hau khap noi trong Q. Nen M 1a tap
déng trong khong gian S7  (€2).

Mat khac v6i moi u(X),v(X) € M, v6i moi s6 thuc A € [0, 1], ta
Au (X) < M (X) < M (X) hau khap noi trong Q, va (1 — Mu (X)
(1—Nv(X) < (1 =XMNu(X) hau khap nai trong Q. Do vay u (X)
Au (X)+ (1= MNov(X) <@ (X) hau khép noi trong Q. Nen M 1a tap 1oi.

co
<
<

Do M la tap 16i va déng trong SZ? (€2) nén theo Dinh li Mazur, ta
c6 M la tap dong yéu trong S2, (Q).
Tu gid thiét ta c6 |F(X, u(X))| < a(X)|u(X)| +Z%|u(X)\pH. Do d6

[ Fecaax < [ (ax0peo)+ ueor ) ax,
suy ra

/ F(X,u(X)dX < C, Vu(X) € M.
Q
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1 .
E(u) > 5 [ullsz o) — € = E(u) = 00 khi [Jul|gz ) — oo,

Neén E la bic trén M.
Ta ching minh E(u) 14 nita lien tuc dudi yéu tréen M. That vay, gia su

u, — u trong S7 (Q), v6i up,u € M. Ta c6

F(X.u) - F(X.u)| = | [ SE0 zg(“” — W) g
= Fy(X,u+ 0(uy, — u))(u, —u)dé

IA

1f(X,u+ 0(u, —u))||u, —u|dd

IA

/
J
[
/(a( ) bl -+ B, — )] ) —
< C(a(X) +ul + |un\p) T—

Do do

J 1P ) = FOGIX < € [ (a0 + ol + il — uldX,

/F(X,un(X))dX—>/F(X,u(X))dX khi n — oo.

Do d6 F(u) la ntta lien tuc dudi yéu trén M. Nén theo Dinh 1i 1.1.10 ta
c6 ton tai u € M la diém cic tiéu ctia phiém ham E(u).

Tiép theo ching ta can chiing minh u 13 nghiém yéu ctia Bai toan (2.1).
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V6i moi p € Cg°(2) va e > 0, dat

S {X € O u(X) +ep(X) > u(X) > u(X)}

0. = {X € O u(X) +ep(X) < u(X) < u(X)}

Q0 = {X e O u(X) = ﬂ(X)},QO — {X € O u(X) = @(X)}
o° = max {O,u(X) Fep(X) — —(X)} >0

p. = —min {o, u(X) +ep(X) — u(X)} >0

ve = min {u(X) | max {u(X) +ep (X) ,@(X)}}.
Néu 7(X) < max {u(X) +ep(X), Q(X)} thi
v = W(X), max {u(X) +=p(X), u(X) } = u(X) +e(X),
nén ¢° = u(X)+ep(X)—a(X), p: = 0= v. = u(X) +ep (X) = ¢+
Néu (X) > max {u(X) +ep(X), Q(X)} thi
v = max{u(X) +=p(X), u(X)}

_ {U(X) + ep(X) khi u(X) + ep(X)
u(X) khi u(X) + ep(X)

+) Véi v = u(X) + ep(X) suy ra ¢° = 0,9 = 0.

Nén v, = u (X) +ep (X) — ¢° + ..

+) V6i v, = u(X) suy ra ¢ =0, 0. = u(X) — u (X) —ep (X).
Nen v, = u (X) +ep (X) — ¢ + ..

Do d6

ve =u(X)+ep(X)— ¢ +p.,
v- € M, ., 6" € 524 (Q) N L*(Q).
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Do u la diém cuc tiéu cta E trong M va M la tap 16i, nén ta cé
u+t(v. —u) € M véi moi t € [0,1] va

Elu+t(v: —u)) = E(u)
t

>0,V € (0,1].
Do vay

0 < (ve —u, DE (u)) = € (p, DE (u)) = (¢, DE (u)) + (e, DE (u)) ,
hay

(¢, DE (u)) =

™M | =

(¢, DE() — (¢ DE@)|.  (22)
Mt khac do @ (x) 1a nghiém trén yéu ctia Bai toan (2.1), nén ta c6
(" DE@) = [ (7,19, — [ FOXTO0)5X 20,

Q

Q

Do do6

(¢ DE (w) = (¢*. DE (W) + (¢, DE(w) - DE(@) (2.3
> (", DE (u) ~ DE (7)
— [{(Fs =) Vo = [7 (Xu) - £ (70X pax

:/(Vv(u_ﬂ),ny(u-l-SgD—ﬂ)RN)dX
—/ [f(XaU(X))—f(X,ﬂ(X))} (u+6g0—ﬂ)dX
+ (9, 0=, 9, ot 2p = W)X

0o

00w )] (4 ep - wax

0o
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Tiép theo ching ta ching minh

/(vv (w—17),V, (u+ e — 7)pndX
_/ (X u(X) = [ (X,7(X)| (u+ 20 — @)X =0,

0o

That vay, véi méi a > 0 dit
O = {XGQO | > o) = 1,2,...,N}.
Khi do6 ta co

/(v7 (w—10), V. (u+ep —1))andX
QO
_ / [f (X, u(X)) - f (X,a(X))} (u +ep— a) dX
QO
= /(V7 (u—71),Vy(u+ep—1u))gvdX
QO
=lim [ (V,(u—7),V,(u+ecp —u))pvdX.

a—0
Q*

Theo giad thiét ta c6 v; € C() va v;(X) # 0, v6i moi j = 1, N,
X e,

u—u € H'(Q). Nen st dung Bo dé 7.7 trong [30], ta cd

nen |y;(x)] > C(a) > 0 véi moi j = 1, N, X € Q. Suy ra

/\vy (u—@) |dX = 0.
Q*

e}

Do do6

/(Vv(u—ﬂ),Vv(qusgo—ﬂ))RNdX=O, vV a > 0.
Q*

@
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Khi d6 cho a — 0 ta ¢6

/(V7 (u—71),Vy(u+ep—1u))rvdX = 0.
0o

Tu (2.3) ta c¢6
(¢°, DE (u)) > {¢°, DE (u) — DE (u))
— (V=0 9, (w+ e = @)andX
i
_ / [f (X, u(X)) — f (X, a(X))] (u tep— a) dX
&
~ [ =09, = maax = [ [0 - 7 (0] (0 - W ax
Qe O
+ (V4 (u—1), Vyp)pvdX — f(X,u)— f(X,u)|pdX
59[ PR 59/[ }80
> —/ [f (X, u) — f(X,ﬂ)] (u— 1) chJrs/(V7 (u—1), Vyp)rvdX
Qs O
- g/ [f (X,u) — f(X,a)}godX.
&
Do Vol(€2°) — 0 khi e — 0, nén ta c6

lim [ (V, (u~1), Vp)avdX =0,
QE

lim [ [ (X, u(X)) = f (X,0(X))|edX =0,
QE

Mat khac ta co

/ (X, u(X)) = f (X, 300 Ju — 7] dX
QE
< e / £ (X, u(X)) — F (X, a(X))] [ldX,
QE
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suy ra

e—0 €&

1im1/\f(X,u(X)) (X TEX)| ju—a]dX =0, (24)
QE

T (2.4) ta c¢6

g%é [f (X, u(X)) — f(X,7(X))|(u—adX = 0.
QE
Do doé
1,
ll_{% B (%, DE (u)) > 0. (2.5)

Lam tuong tu nhu trén, ta co

1
lim — (., DE (u)) < 0. (2.6)
e—0 €

Tu (2.2), (2.5) va (2.6) ta co6
(o, DE (u)) >0, V ¢ € C;° (). (2.7)

Mat khéac ta c6 néu ¢ € C§°(Q) thi —p € C5° (). Do vay tu (2.7)
ta c6 (—p, DE (u)) > 0, suy ra {p, DE (u)) < 0. Két hgp véi (2.7) ta ¢

(p, DE (u)) =0, Yo € C° (Q) = DE (u) = 0.

Do khong gian C§° (€2) la trit mat trong khong gian S (), nén u
la nghiém yéu ctia Bai toan (2.1) thdéa man v < u < uw hau khip noi
trong €.

Trong trudng hop tong quat, ching ta dit w = u — ug. Khi dé
Bai toan (2.1) tré thanh bai toan sau:

~

Ayw+ f(X,w) =0 trong €,
w=0 trén 0f),
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~

trong do f(X,w) = Ayug + f(X,w + up).
Tt gid thiét cia ham f ta c6

~

TGN < Aol + [ F(X, € +10)| < |Aquo] +a(X) + B¢ + wol?
< |Ayuo| + a(X) + 27 (I€]” + [uol )

= (18] + a(X) + 2bJuol") + 270]¢ "

Do ug € C?(Q,R),y; € C(RY,R), va tit gid thiét i) ctia ham ~ ta
c6 a(X) = [Ayug| + a(X) + 2Pb|u|? € L77(Q). Nen bai toan quay vé
truong hop ug = 0. []

Hé qua 2.1.6. Glid st cac dieu kién cia Dinh li 2.1.5 la théa man. Khi
dé ton tai nghiém yéu cla Bai todn (2.1) trong khong gian L™ (Q).

Hé qua 2.1.7. Gid su f(X,&) = k(X)€% — £[€]P~2, trong dé
1 < k(X) < C < oo, C la hing s6 va 2 < q < p < 2. Khi do
bai todn

Au+ f(X,u) =0 trong Q,

u=wugy trén O,

trong dé ugy la hang so6 va ug > 1, luon cé nghiém yéu trong khong gian
L> ().

Chiing minh. Dau tién chung ta chi ra u = 1 14 nghiém duéi yéu ctia bai
toan. That vay, ta co

[, 0)mdX = [ 0 (0) X = = [ (5() =~ D <0
0 0 0

v6i moi p € C§° (§2), ¢ > 0.

Nén v = 1 1a nghiém dudi yéu ctia bai toan.
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Mit khac ta xét © = Cp, trong d6 Cy > max{uy, C’ﬁ}7

[ (.9, 0pmx = [ 0xa0x0) pax
Q Q

e / (k(X) — C2%) dX >0,
0
voi moi ¢ € C§° (), > 0.
Nén u = () 1a nghiém trén yéu clia bai toan.

T Dinh 1i 2.1.5 vi Bo dé 2.1.6 ta c¢6 diéu phai chitng minh. O

Luu y 2.1.8. He qud 2.1.7 c¢6 thé sit dung phuong phap bién phan
dé ching minh su ton tai nghiém yéu ctia bai toan, tuy nhién viéc si
dung phuong phap bién phan khong danh gid dudc nghiem nhu st dung

phuong phap nghiém trén va nghiém dudi.

Vi du sau day chi ra viéc dung phuong phap nghiém trén va nghiém
dudi ddi véi phuong trinh elliptic suy bién trong truong hgp sé6 mi t6i

han.
Vi du 2.1.9. Hay chi ra sy ton tai nghiém yéu clia bai toan sau

2% 2% Mu—2 B
Ayu+ |z|™ Ayu + |z (|u|Nk+2 4 f(x,y)) =0 trong (2, (2.8)
u=0 trén 0f),

§ day Q la mién bi chan véi bien tron trong khong gian RM+Nz,
reRM y e RM™ ke R, QN{x =0} # 0, Ny = Ny+(1+k)Ny, f(z,y) €
C(LR), f(x,y) > 0, v6i moi (x,y) € Q.

Dit

_1

p= (1ol + (b + 1)2?)
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Khi d6 ta ¢6 néu u(z,y) = u(p) thi

Pu Ny —10 2
Axu+|x|2kAyu:( by _u) 2]

op? p Op) p*

Ta xét ham
Nj—2

u=C(+p") 7,

6 day
0 < C < [Ng(Ny, — 2)]Nk4_2 (maxp%)
0

Khi do6 ta co

2k
AT+ |z Ayu = —lz—lkCNk(Nk (1)
Dat )
Ou  Ny—10u o Nt
D — _ N.—2
)= (G + VGl
Khi do

Nk:+2
2

D(@) = —C(1+p?) 7 (01\7:—2p2k A 2)) .

Mat khac do
_ N2

0 < C < [No(N — 2)]7 (maX ,02k> :
Q

nén D(u) > 0 v6i moi (x,y) € €.

Nén néu ta chon ham f(z,y) thoa man f(x,y) < (maxp)~ *D(u) véi
moi (x,y) € Q. Khi d6 @ la nghiém trén ctia phuong tgnh (2.8) nén no
1a nghiém trén yéu.

Hién nhién tit didu kien ctia ham f(z,y) ta c6 u = 0 la nghiem dusi
yéu ctia phuong trinh (2.8).

Do d6 tut Dinh 1i 2.1.5 ta ¢6 phuong trinh (2.8) luon c¢6 nghiém yéu.
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2.1.2 Dinh li vé su ton tai nghiém yéu khéng am

Trong muc nay tac gia xét bai toan bién sau:

(

—A u+ M= ululP~? trong Q,
< u>0 trong (2, (2.9)

u=>0 trén 02,

\
trong dé € 1a mot mién bi chin véi bién tron trong RY va A, p 1a cac

hing s6 cho trudc.

Dinh 1i 2.1.10. Giad su N > 2,p € (2, ]\gf—i) va A\ la gid tri riéng dau
tién cia todn ti —A. trong mién Q vdi diéu kién bién Dirichlet thuan
nhat. Khi dé, véi méi X > — Xy Bai todn (2.9) luon cé nghiém yéu khong

tam thuong.

Chitng minh. Chtng ta xét phiém ham E trong khong gian 53,0 (©) nhu

Sau
~ B 1 9 9 1 »
B (u) = 2/(\V7u| ) dx p/\u\ ihe
Q Q
bat
1 2 2
Bi(u) = 5 (mu\ Ayl )dX,
Q
va

M= due s, (@) /|u|pdaz 1
0
Gid st {uy},— € My va u, — u trong S2;(€2). Do Ménh deé 1.1.5,

ta c6 S5 (Q) == LP(Q) véi 2 < p < %, nén u, — u trong LP ().

Mat khac, tit [|uy| o) = 1, Vn nén |Ju||r ) = 1 suy ra v € M;. Do d6
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M, 1a tap déng yéu trong khong gian 5370 ().

Bdéi dinh nghia ciia A ta c6

1
A—I/yvm?dx Z/W\QdX.
Q Q

Néu A > 0 ta c6 Ey (u) > %HUH; @
7,0
Néu A <0 ta co

1 A
Er(u) 2 5 (1 + )\_1) H“Hzgp(m'

Do do6
I A
Fy (u) > 5 win {1, (1 + )\—1> } HUHZ%(Q)'

Ma A\ > —>\1 nén Fj (u) — oo khi HUHSQO(Q) — 00, U € M. Do do E

l1a bitc trén M;.

Tu Ménh deé 1.1.5 ta ¢6 Ej(u) l1a nita lien tuc dudi yéu, nén theo
Dinh 1 1.1.10 ton tai u € M; 1a diém cuc tiéu cia E; trén M. Mt khéc
ta c6 i (u) = E1 (Ju]) v6i moi u. Do dé khong mat tinh tong quat ta
gia st u > 0.

Do Ej 1a kha vi Fréchet nén ta co

(v, DF; (u)) = / ((Vvu, V. v)ry + )\uv) dX, WYuve 53’0 ().
Q

Hon nita, anh xa
G : Sf%,o Q) — R
v  — Gu)= / luPdX
Q

cting kha vi Fréchet va

(v, DG (u)) = p/u\u\p_deX, Yo € 52, (9).
0
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Trong trudng hop diém v € My, ta ¢6

(u, DG (u /\u\de p #0.

Theo quy tic nhan Lagrange, ton tai tham s6 ¢ € R théa man

<v, DFE;y (u) — %DG (g)> = / ((V,yg, V. v)ry + Auv — ,ug\g\p_%) dX =0

v6i moi v € 57 (Q2). Cho v = u, khi d6

/ ((Vyg, V. u)ry + )\|g|2 — ,u\g]p>dX = 0.
Q

Do dé
,u:,u/|g|de:2E1(g) > 0.

Ta dat u* = priu € 52, (), khi d6 u* = pr- 72y > 0 trong Q va thda
man
<v, DE (u*)> = ,upi2/ ((va, V,0)ry + Auv — ug@p_?z)) dX =0
0

v6i moi v € 52, (Q). Do d6 u* 1a nghiém yéu cila Bai toan (2.9). O

Luwu ¥ 2.1.11. Didu kien p € (2 Jg—ﬁ) trong Dinh 1f 2.1.10 1 can thiét
va quan trong, vi néu p = 22— )\ = 0,A, 1a toan ti elliptic suy bién
manh va 2 1a A,—hinh sao ung véi goc toa do khi do Bai toan (2.9)
khong c¢6 nghiem khong tam thudng (xem trong [65]).

Nam 1983, hai nha toan hoc H. Brezis va L. Nirenberg trong [17] da
xét Bai toan (2.9) v6i y = 1,p = £25, khi d6 hai nha toan hoc da khang
dinh rang
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e Khi N > 4, Bai toan (2.9) ¢6 nghiém duong néu 0 < —\ < Ay, véi
A1 1a gia tri rieng dau tién cta toan tu Laplace tng vé6i dieu kién
bién Dirichlet thuan nhat.

.1

e Khi N = 3, Bai toan (2.9) ¢6 nghiém duong néu Z/\l < =A< A va

Q 13 hinh cau.

Két qud ma ching toi dat duge trong muc nay la cho truong hop
s6 mit dudi t6i han, viéc chitng minh cho truong hop t6i han nhu trong

truong hop elliptic néu trén van con 1a van dé md.

2.2 Tinh chinh quy ciia nghiém cua bai toan bién elliptic suy

bien
Trong muc nay tac gia xét bai toan bién sau:

A u+ f(X,u) =0 trong €2,
gl f( ) g (2.10)
u =0 trén 01,

trong doé 2 14 mién bi chan trong RY, véi bien 0 tron.

Dinh nghia 2.2.1. Ham u € 53’0((2) dugc goi 1a nghiem yéu cla
Bai toan (2.10) néu dang thiic

/(VVU,V»YQO)RNdX — /f(X, u)pdX =0
0

Q

théa man véi moi ¢ € C§°(2).

Dinh 1i 2.2.2. Cho Q la mién bi chan trong RN cung vdi bién 0N
tron. Gid st f : Q@ x R — R thoa man f(.,&) do dugc trén Q vdi
moi £ € R ¢6 dinh, f(X,.) lien tuc trén R vdi hau khdap X € Q wva
O] < alX)(1+[¢]) a(X) € LE (). Gid situ € $2,,() la
nghiém yéu cia Bai todn (2.10). Khi dé u € LI () vdi moi ¢ < oo.

loc
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Hon nita, néu u € S3o(Q) va a(X) € L3 () thi u € L) vdi moi

g < oo.
Ching minh. Lay n € C°(Q) v6i mdéi s > 0,M; > 1 sao cho
vy = umin {\u\% : Mlz} n* théa man: suppy, € €, @, € S%,o ().
Dat
Qi — {X e u(X)F < Ml},
cos, = {X € la(X)| > MQ}.

Do u(X) 1a nghiem yéu ctia Bai toan (2.10) nén ta c6

/ (V, Vo )gvd X = / F (X, 0) pudX,

0
hay
2 1 2 _
[ 19l min {juf 222 tax + 22 |9l tpax
SV
= —2/(V7u, Vyn)Rwunmin{]u]%,Mf} dX +/f (X, u) pdX.
0 0
(2.11)
Do [f(X, &) < a(X) (1 +[¢]) nen
/ S, Vam) szunmm{\u\?s,M }dX+/f(X, u) psdX
0 0
< 2/ ~Uy VA1) RNunmln{\u\2s,M }dX
0
+/a ) (14 |u|) \u!mm{]ul%,M }172dX
0
< =2 [ (V,u, Vin)ryvun mm{\u\ }dX
0
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+ / a(X) (1 +2 W) min {|u\25 , Mf} PdX.
Q

Theo bat ding thitc Cauchy, ta c6
—2(V4u, Vyn)gyun min {|u|28 : Mf} < %|V7u|2 min {\u\% : Mf} >
+ 2u®min {\U\QS : Mf} IV.n)?.
Va do M; > 1 nén ta cling c6
a(X) (1 +2 \u\2> min {|u|28 : Mf} 7’
< 3a(X) |u[* min {\u|2s : Mf} n’ 4 a (X))’

Do vay

) /(Vyu, V. n)ryun min {|u|28 : Mf} dX

0
2 . 2s 2 2
+ [ a(X)(1+2]ul”)min|ul™, Mjn*dX
0
1
< 5/|V7u\2min{\u\28,M12}nde+2/uzmin{|u|2s,M12} V. n|*dX
0 0
—|—3/a(X) |u|2min{\u\25,M12}772dX—|—/a(X) n*dX. (2.12)
0 0
Mt khéc do 22 > £ nen tir (2.11) va (2.12), ta ¢6
1 2 _
5/]V7u|2min{\u\25,Ml2}772dX+g / ’V7 |u\2’ u** 2 ?dX
0 Qlul*
< 2/u2min{\u\2s,M12} |V777\2dX—|—/a(X) n?dX
0 0
+3/a(X) |u|2min{\u\25,Mf}n2dX. (2.13)
0
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N

Gia st u(X) € L¥(Q) vado a(X) € L,

loc loc

(Q2) nén
/ (X)p?dX < C, /u mm{\u\% Ml} VoPdX <C. (2.14)
9] Q

Ma

2
19 () ax < [ 19, Gomin lul* 2y P ax

olel? Q

:/’(min{|u|s,Ml}n)V7u+u(min{|u\S,Ml})vvn
2 2
+unV, (min {[ul*, M }) ) dX < S/min {\u\ s Mf} 2|V uf2d X

+3/u m1n{|u|25 Ml})yvmdxw / IV Jul* PdX

Q ol

— 3/min{\u\2s,Ml2}772|V7u\2dX—|—3/u min{]u|28,M12})\V7n|2dX
Q

3
+132/ 2522/ Juf? [2dX. (2.15)

a
Tir (2.13), (2.14) va (2.15), ta c6

J 19 twmin ) ax

<C+ C’/a(X)|u|2min [Juf?*, M2} n2dX
Q

< C+CM, / |ul? min {|u**, M7} n*dX

-I-C'/ X)|ul? min {|ul**, M7} n°dX
s,
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<C(1+CMy)+C / a(X)|u|* min {|ul**, M7} n*dX. (2.16)
csia,

Ap dung bat ding thic Holder, ta 6

C / a(X)|u|* min {|ul*, M7} n*dX

sy,
2 N-—2
N N
5 N
<C /\a(X)\ng /Hu\Qmin{\u\Qs,Mf}nQ‘N2dX
s, s,
% ) N]%z
<C /ya(X)\%VdX /|umm{yuys,M1}n|r3deX (2.17)
ey, Q

Do wmin {|ul*, M1} 7 € S?(Q2) nén theo Ménh deé 1.1.5, ta c6

N-—2

/\umin{|u|$,M1}n\N2N2dX gCl/|V7umin{|u|S,M1}n|2dX.
0 Q

Két hop véi (2.16) va (2.17), ta c6

/m (wmin {|ul*, M} n)|° dX
Q

< C(1+ CMs) + e(My) / |V, wmin {|u)®, My} n|” dX, (2.18)
Q

trong do6

2

(M) = CCy /\a(X)\éVdX

Do e(Ms) — 0 khi My — oo, nén ta chon M, di 16n sao cho e(Ms) = %

Y
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tir (2.18) ta co

2
/‘W (wmin {|u|®, M1} n) ‘ dX <2C(1 + CM,). (2.19)
T (2.15) va (2.19), ta co
/ ‘v |u|8+1 ( dX < 2C(1+ CMsy). (2.20)
2y

Cho My — oo, tur (2.20) ta c6

/)v 5“77 ’ dX < 20(1 + CMy).

Nén suy ra
ul*"n € S2,(Q) = LB(Q).
Do dé u € ij:lm(ﬂ).

N x

Cit tiép tuc qua trinh nhu vay véi sp = 0,8, +1 = (5,1 + 1) == =5 VOi

i > 1 ta dugc u € L () véi ¢ < oc.

Néu u € 52,(Q) va a(X) € L3 (2) bang cach Ii luan tuong ty véi
n=1tacoue LIQ) véi mdi g < oco. O
Dinh 1i 2.2.3. Gid st f(X,€) = f(£) théa man dieu kién

1) f(€) € CLY(R) trong dé o € (0,1].

2) 1f(O] < C(1+ |€]™) vdi C la hdng s6 duong va 1 < m < xiﬂ

Khi dé néuu(X) la nghiém yéu ciia Bai todn (2.10) thiu(X) € LP(2)
vdi moi 1 < p < 00.

Chitng minh. Do u 1a nghiem yéu ctia Bai toan (2.10) nén u(X) cing la
nghiém yéu ctia bai toan:
Asu~+ a(X)(1+ |u]) = 0 trong 2,
u =0 trén 01,
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trong d6 a(X) = %

Do [f(§)] < C(1+[¢™) = |a(X)] < O(1 + [u(X)|"H).
Mal<m< % ntn 0 <m-—-1< ﬁ va u(X) € Sg’O(Q) — LQ:(Q),
do vay

[ @ o)

Suy ra a(X) € Lg(ﬂ), nén theo Dinh 1{ 2.2.2 ta ¢6 u(X) € LP(Q) véi
moi 1 < p < oo. ]

T Dinh 1i 2.2.2 va Dinh i 9 trong [69], ta c6:

Hé qua 2.2.4. Gid st f(£) théa man cdc dieu kién clia Dinh li 2.2.2 va
1) £(€) = o(€) Khi € 0.
2) Ton tai hing s6 A va p € [0,%) théa man F (&) < pf(£)E vdi moi
g
| > A, trong dé F(§) = [ f(x)dz.
0
Khi dé Bai todn (2.10) luén cé nghiém yéu khong tam thuong thudc
khong gian LP(2) vdi moi 1 < p < oc.
Luu y 2.2.5. Két qua vé tinh chinh quy ma ching toi dat dude trong
muc nay mdi chi ding lai 6 16p khong gian LP(€2), viéc chiing minh tinh
chinh quy ctia nghiém c6 dao ham yéu nhu trong truong hgp khong suy
bién, tiic 1a v = 1, ma cac két qua da dat duge trong cong trinh [18] van
con la van dé md.
KET LUAN CHUONG 2
Trong chuong nay chiing toi da nghién citu sy ton tai nghiém yéu ciia
bai toan bién elliptic suy bién chia toan tit A, va nghién ciu tinh chinh

quy cta nghiem. Cac két qua dat dudc bao gom:
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1) Chitng minh duge sy ton tai nghiém yéu dya vao nghiém trén yéu
va nghiem duéi yéu ctia bai toan (Dinh i 2.1.5).

2) Chitng minh dugce sy ton tai nghiém khong am ctia bai toan trong
mot truong hop ctia ham phi tuyén (Dinh 1§ 2.1.10).

3) Chitng minh dugc tinh chinh quy ctia nghiém (Dinh 1i 2.2.2).

Két qua ctia Chuong 2 13 syt mé rong va phat trien cac két qua tuong
ting ctia bai toan bién elliptic trong [17,60] d6i véi toan tit A, v6i phuong
phép tuong ti nhu déi véi toan ti elliptic va k§ thuat da duge diéu chinh

cho phit hop véi toan tit suy bién.
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Chuong 3

TAP HUT TOAN CUC DOI VOI PHUONG TRINH
HYPERBOLIC TAT DAN CHUA TOAN TU ELLIPTIC
SUY BIEN MANH TRONG MIEN BI CHAN

Trong chuong nay, chiing t6i nghién cttu mot 16p bai toan hyperbolic
tat dan chia toan ti elliptic suy bién manh trén mién bi chan Q cia
khong gian RY, v6i s6 hang phi tuyén ting trudng kieu da thitc. Ching
toi sé chitng minh sy ton tai nghiém tich phan ciia bai toan, su ton tai
tap hut toan cuc trong khong gian S(Qkth)’O(Q) x L*(2) va chitng minh
dugc s6 chiéu fractal ciia tap hut toan cuc 1a hitu han. Chuong nay gom
ba phan:

- Phan thit nhat: Trinh bay su ton tai v duy nhat ctia nghiém tich
phan.

- Phan tht hai: Trinh bay su ton tai ctia tap hut toan cuc trong
khong gian S?k17k2)70(ﬂ) x L2(Q).

- Phan tht ba: Trinh bay tinh bi chan ciia s6 chiéu fractal ctia tap
hat toan cuc.

Noi dung ctia chuong nay dya trén cac bai bao [3] trong Danh muc

cong trinh khoa hoc ciia tac gia lien quan dén luan an.
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3.1 Su ton tai va duy nhat ctia nghiém tich phan
3.1.1 Dat bai toan

Trong chuong nay tac gia nghién citu bai toan sau:

(

U + But Pk:1 kU + f(X u) X € Q,t > 0,
¢ wX,t)=0, X ed,t>0, (3.1)
u(X,0) =ug(X), u(X,0)=ui(X),

trong do6 3 1a hang s6 duong, € 1a mot mién bi chan vé6i bién tron trong
RM x RN x RY = RN (Ny, No, N3 > 1, X = (2,y,2)), QN {x = 0} # 0,
QN{y =0} #0va Py pu = Au + Ayu + |21 |y2R2 A u, by, ke € Ry,

5 52 3} N, ko

u (v

Uy = E’utt t2’ |2k1 = (Zx > ‘%2 — (Z y?) .
j=1

Ching ta gid stt f(X,€) : Q@ x R — R théa man f(.,£) do dugc trén
véi moi € € R ¢ dinh, f(X,.) lien tuc trén R v6i mdi X € Q va

F(X,6) = F(X. &) < Cla — &l (9(X) +lal &),  (3:2)

vl 0 < p < —_2,]\[14;1,]f2 :N1+N2+(1-|—]<31+k’2)N3 > 2,
f(X,0) = h(X) € L*(%), (3.3)
3
F(X,¢) = /f (X, 7)dr < g1(X) +g2(X)§2, (3.4)
0

trong d6 p, C' > 0 1a cac hang s6, va cac ham thoa man
1 Nk by Nk kg
91(X), g3(X) € L'(), go(X) € L7 (), ga(X) € L™= (),

1 1
< ) 1-72 < * ’
HQQHLN’”Q””(Q) 2022, ) H94HLNk2k(Q) C2(2f, 4, Q)
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6 day 2j, ;, = , C(2, ,» Q) 1a hiing s6 tt nhat trong bat dang

thitc Sobolev

HUHLQZLIQ (Q) S 0(22‘1,]627 Q) HUHSQ Q) Y
va g(X) 1a ham khong am thdéa man, g(X) € LMk (Q) néu p = 0, va

o
g(X) € L¥(Q) néu p # 0.

0 U
(U X) = LU = )
FO) (—&ﬂ@+f@ﬁw@)) (m)

Khi dé6 Bai toan (3.1) tré thanh bai toan sau:

dU
— =A *

o =AU+ fU), >0, (3.6)
U(0) = Us.

Ching ta dat H = S(zkl,kg),o(ﬁ) x L?(Q). Khi d6 H la khong gian

Hilbert ctuing véi tich vo huéng sau

_ U u
(U,U)g = (( ) : ( )) = (Vi kot Vi ko) 22(0) + (0,0) 12(0)-

|

Mién xac dinh ciia toan tit A 1a D(A) xac dinh bdi
u
D(A) = { ( ) VU, 0 € SG g 0(); Pr kot € LQ(Q)} :
v

3.1.2 Su ton tai va duy nhat ctia nghiém tich phan

B6 dé 3.1.1. Todn ti lien hop cia todn ti A la toan tu A* zdc dinh nhu

0 Id
Af = — .
Pug, O

o4
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Va1

D(A*) = { ( 1’; ) 0 € 521 o(Q); Prx € LQ(Q)} .

Chitng minh. Tt dinh nghia cia toan ti lien hop ta c6 dé ( iz ) €
D(A*) va A* (i;) — <p> khi va chi khi
q

() ()m

S (VinkoDs Vi) + (6, 0) 2 = (Vi ko Xo Vi k) 12(0)
+(?7/}, Pkl’kQU)LQ(Q), \V/U E 5(2]61,]'{32),0(9)7 Pkl’kQ'U/ G L2(Q), V’U 6 S(le,kg),O(Q)

khi va chi khi

(Vi koD Vi) r2) = (¥, Py k) 12(0), (3.7)
Vu E S(le,kg),()(Q)? thkzu E LQ(Q),

va
(q, U)Lz(Q) = (vkl,k2X7 thkQU)Lz(Q), VU - S(Qk17k2)70(9). (3.8)
Tt cong thiic Gauss-Green, ta co

(Vi koDs Vi i) r2) = — (0, Pry ko) 12(0),
Vu € S35 .0(Q), Py € L(Q),

va tit (3.7), ta ¢

(p + 1, Pk17k2u)L2(Q> =0,Yu € S?k17k2)70(9)7 P]ﬁ’]@u c LQ(Q)
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Do d6 p = —1. Nhung (3.8) ding khi va chi khi Py 4, x € L*(Q) va
q = =P kX

Do d6 ta c6 dieu phai chiing minh. O
Bo6 dé 3.1.2. Gid st f(X,€) théa man cic diéu kien (3.2), (3.3). Khi
do

a) Anh za Nemytskii

fiS(le,kg),o(Q) — LQ(Q)
u — f(X u(X))

la Lipschitz trén moi tap bi chan cia S(2k17k2)70(§2).

b) Anh za

ffH — H

0
U +— f(U):= < Bt (X )

la Lipschitz trén mot tdp by chan cua H.
Chiing minh. a) T (3.2), ta c6
FOC ) < C (X0l + w7 + [A(X) )

Do do6

f(X,u)?dX <C 2(X) [u® + |ulMHP) dX + [ [h(X)]?dX
forocse{frmnerenyoc

S C( HgHLNk'lJQ(Q) HUHL2z17k2(Q) + ||UHL(2(1+p/)))(Q) + HhHLQ(Q)) < "‘OO?

v6i moi u € S(2k17k2)70(§2).

Gid stt u,v € 3, 1) o(2), R >0 va HUHS?kl,kz)’O(Q) < R vl o) < R

k1,k9),0 _
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Khi doé ta c6

J 156w = X oPax <0 [ = ol (4500 + [u? + o) ax
Q Q

SC/QZ(X)]u—deX—FC/|u—v]2|u|2de+C'/]u—v|2]v]2de.
Q Q Q

Ap dung bat ding thic Holder, ta 6

2 2
[ 0= oPaX < gl = ol
Q

2 2
/ u — o luf*dX < HUHLpz<p+1)(Q) lu — UHL2<p+1>(Q) ;
Q

2 2
[ = oA < ol 2 = 0l
Q

Do khong gian S(2k1 o) () la nhing lién tuc vao khong gian L102(Q)
va 1l <2(p+1) <25, . nén taco

£, ) = FOC0) oy < Callu— ol o

k1 ko
2p 2p
x (1+ lull% o+ \\v|\5gkhk2)7o<m),

hay

[f(X,u) = (X, 0)| 2 < C(R) [lu — UHkal,kZ),O(Q) '

b) Gida st R > 0,U,U € H va

Ully <R,

B 0
) = () (6@_5U+f(X,u)—f(Xaﬂ)>

UHH < R. Chuang ta co
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Do vay

|

FU) = FO)|5 = 187 = Bo+ F(X,0) — F(X, )|
< 2|80 = Bl faq) + 2 1f(X,u) — £(X, 1)) 70

2 2 zll?
<20 —alls, @ (1 tlulle, ot ”“”Sgl 2 <Q>>

(kl 7k2)70

+ 282 |0 — vl < CL(R) [|U = T||

2

Do d6 ta c6 dieu phai chitng minh. O

Tt B dé 3.1.1 theo Dinh i Stone ta ¢6 A sinh ra mot Cy— nita nhém

eAl tren H.

Pinh nghia 3.1.3 ( [59]). Gia st T > 0,7 € R. Mot anh xa lién tuc
U:[0,T7) — H dugc goi 1a nghiem tich phan ctia Bai toan (3.1) néu no
la nghiém ctia phuong trinh tich phan
t
U(t) = e'Uy + /eA(t_S)f*(U(s))ds, te|0,7T).
0

Néu U kha vi hau khap noi trén [0,7) cung véi Uy va AU thuoc

khong gian L]
dU . 5 g
- = AU + f*(U), hau khap noi trén (0,7), U(0) = Uy, U(t) € D(A)

(0, T, H) va théa man phuong trinh vi phan

khi d6 U dugc goi 1a nghiém manh ctia Bai toan (3.1).

Stt dung B6 dé 3.1.2 va chitng minh tuong ty nhu Dinh 1 46.1 (p.
235), Dinh i 46.2 (p. 236) trong [59] ta c6 ménh dé sau

Meénh dé 3.1.4. Gid st f(X,u) théa man cdic dicu kien (3.2), (3.3).
Khi dé véi méi R > 0 ton tai T = T(R) > 0 di nhé sao cho vdi
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Uy € H,||Ull; < R, Bai todn (3.1) ton tai duy nhat mot nghiém tich
phan U € C([0,T]; H).
Hon nita, néu Uy € D(A) thi U la nghiém manh cia Bai todn (3.1).

T (3.2) va (3.3), ta cd
[F(X,u)| < O (9(X)|ul” + [ul** + [ f(X, 0)][ul) -
Suy ra

JIPCCwIax <€ [ (EONf? + P2 + (100 Jul) X

Q Q

SC<H9H s o 10031,y 1)+ L Hunm) < oo,
L —3 -

v6i moi u € kahk?)’o(ﬂ).
Vi thé ta dinh nghia ham Lyapunov dé tim nghiém trong
Menh dé 3.1.4 1a

1
¢(U) =3 l0llz20) + 5 HU\lsz

(k1,k

o) _/QF(XaU(X))dX. (3.9)

Nhan phuong trinh dau ctia Bai toan (3.1) véi u; va tich phan trén
(), ta co
AL H w720 + 5 [ Vit z2(0) - X u(X))dX ) = =B luell7zq
Do do6

d
SR (1)) = Bl (3.10)

Pinh 1i 3.1.5. Giad su f(X, u) théa man cdic dieu kién (3.2)—(3.4) v
Uy € H. Khi dé Bai toan (3.6) ton tai nghiém toan cuc duy nhat U €
C([0,00); H). Hon nita, vdi méi t c6 dinh dnh xa Uy — S(t)Uy := U(t)

la lién tuc trén H.
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Chiing minh. Gia st nghiém U(t) dugce xac dinh trén khodng cuc dai
10, Thnax)-
T (3.2), ta ¢6

| POCu0)X < [ (01(X) + go0000) ax
Q Q

2

< ”91HL1(Q) + HQZHLN%@ ) HUHL2z1,k2(Q)

* 2
< Mgl + C* (24,0 ) HQQHLM@ Hu“%m,o(m '

Tu (3.10), ta c6 nghiem U(¢) ton tai tren [0, Tipay) va thoa man
1
e(U(0)) =2 ¢(U()) = 5 el 72

(k1,k2),0

1 2 D /% 2
+§ Hvkl,kQUHLz(Q) —C( k1,kg o Q) ||92HLNk12,k2 @ Jullg @ H91||L1(Q) '

Suy ra véi moi t thudce [0, Tax) ta co

ot < 2 (@(U(0) + llg1) 1y 6 e

min{1,1—2C2(2: . Q }
{ o D o2l gz,

Tuw (3.11) ta ¢6 Typax = —+oo. That vay, gia st nguge lai
NE
U<Tmax - _)
ol g
. T Ménh d@ 3.1.4 tdn tai hiing s6 T*(C) (doc 1ap véi n) sao cho

/ 1 | .
Bai toan (3.6) ¢6 nghiem duy nhét tren [Tmax D T — — T*(C)),
n n

Tinax < 400 khi d6 tir (3.11) ta c6 <CvéineZ,,

n >

max

1 ~ .
tite 1 U(f) 1 nghiem cia bai toan trén [0, Tyex — — + 7%(C)). Néu
n
1 1 ~ . -
n > — khi d6 Tipax — — + T*(C) > Tiax- Dieu nay mau thudn véi

tinh cuc dai ctia Tpax.

Nhu vay v6i Uy € H thi Bai toan (3.6) c¢6 nghiém duy nhéat
U e C([0,00); H).
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Su phu thuoce lien tuc cia nghiém vao diéu kién ban dau.
Gid stt U,V 1a hai nghiém tich phan ctia Bai toan (3.6) véi diéu kién
ban dau tuong tng Uy, Vo € H. Dat W =U — V ta ¢

t
U(t) = Uy + / A=) £*(U (s))ds.
0

t
V(t) = eV, + / eA=9) 5V (s))ds.
0

Ap dung Dinh 1i 1.2.13 ta c6

t

W@l = [ Wot [ A @) - 5 (s))as

0

H

t

< [, + [ e @en - rove) a

< MBWt|‘WOHH+/MBW(t_S) LF(U(s)) = f(V(s))llz ds.
0

St dung tinh chat Lipschitz cia ham f* v bat dang thic Gronwall
dang tich phan ta c6 sy phu thuoc lién tuc ciia nghiém vao diéu kién

ban dau. ]

3.2 Su ton tai tap hit toan cuc trong S(2k1 k) 0(2) X L3(92)

Tuw Dinh 1i 3.1.5, ching ta dinh nghia ntta nhom lién tuc
S(t) : H— H nhu sau
S(t)UO = U(t),
trong d6 U(t) 1a nghiém duy nhat ctia Bai toan (3.6), véi dieu kién ban
dau Uy. Trong chiing minh ctia Dinh 1i 3.1.5, ta ¢c6 véimoi R > 0, Uy € H
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cung véi [|Up]|; < R, ton tai hing s6 M > 0 chi phu thuoc vao R thoa
man [|U(t)||y < M v6i moi t > 0. N6i cach khéc, quy dao ctia cac tap
bi chan 1a bi chan.

Dinh 1i 3.2.1. Gid st f(X,u) théa man cac dieu kién (3.2)—(3.5). Khi dé
nia nhom S(t) c6 mot tap hit toan cuc lien thong compact A = W*(E)
trong H.

Chitng minh. Dau tien tit (3.10) va chitng minh ctia Dinh 1i 3.1.5, ta ¢6
7" (B) la bi chin v6i mdi tap bi chan B trong H, va phiém ham & dinh
nghia bdi (3.9) 14 ham Lyapunov ngat. Ky hiéu

u
EZ{(O) EH:thkQquf(X,u):O},

khi d6 E 1a tap cac diém can bang ctia S(t). Néu U € E, ta c6
HvkhkzuH%Q(m — /Qf(X, uw)udX = 0.
Do do6

lulls:
(k1:+2),0

@ = / FX, wudX < / (gg(X) + g4(X)u2>dX.
0 0
Ap dung bat ddng thitc Holder va bat ddng thic Sobolev, ta 6

2
[ £ 000X < Nl + ol gl

* 2
< llgallzaey + C* 2 D gl o 1l 0@

k1,k2),0

Suy ra
2 193]l 110
<
‘|uHS(2kl,k2)7o(Q) -] — 02(221 koo Q) Hg4|

)
| Ny kg
L 2

do do
H93HL1(Q)
25 ., 0 .
k1Ko ) H94||LNk1,k2 )

Y

2
<
HUHH -1 02(
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ttc 1a F 1a bi chan trong H. Do d6 dé chitng minh ton tai tap hat toan
cuc, chung ta chi can ching minh S(t) 1a compact tiém can trong H.

Xét phiém ham

[(U@t)) = U(t)) + g /Q wuyd X,

6/( f(X uu—F(X,u)) dX.

Nhan phuong trinh dau ctia Bai toan (3.1) v6i u va tich phan tren Q, ta

co
d
&/ﬂuuth - |’Ut|‘i2(9) — ||V]<;17/€2UH332(Q) — ﬁ/ﬁuuth
+ [ SO,
Q0
Suy ra
d d
SO (1) = =BIUW®) + Ho(w) hay —["TU(1)] = e Ho(u),

nén véi moi 1 > 0, ta co

HU(T)) = e PTI(U(0)) + / D ). (3.12)

Ta gia s U,(t) = S(t)U,(0) véi day {U,(0)}'=%° 1a bi chan trong
H, va t, — +oo khi n — oco. Tt ®(U(0)) > ®(U(t)) ta c6 day
{®(U,(t,))}"=%° 1a bi chidn trong H, két hop véi (3.11) ta c6 {U,, (t,) }1=5°
1a bi chan trong H. Do d6 day {U,(t,)}"=% ¢6 mot day con hoi tu yéu,
khong mat tinh téng quét ching ta gid st U,(t,) — U trong H khi
n — 0o, va ta gia st U, (t, —T) — Uy trong H, v6i U, Uy € H. V6i moi
t > 0day {U,(t, +t—T)}"=%° ¢6 mot day con hoi tu yéu, nén ta gia su

U= " € H sao cho
Ut

Up(ty+t—T) —U(t) trong H,
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6 do U(0) = U, U(T) =U.

p nltn +t =T
Ap dung (3.12) v6i U, (t, +t —T) = t ) , ta co

H(Uy(tn) = e PTI(U, (t, — T)) + / D Hoy(up (t, +t — T))dt.
0

Chiing ta chiitng minh
Ho(uy(t, +t—T)) — Hp(u(t)).

That vay, tit U, (t,+t—T) — U(t) trong H, ta c6 u,(t,+t—T) — u(t)
trong 5(2,{17,62)70(9) ma 5(21@1,1@),0(9) s L2(Q) néen u,(t, +t —T) — u(t)
trong L?(02).

Ap dung bat déng thitc Holder va tir (3.2), ta c6

/|f (X, up)un — f(X, u)uldX
SU/UXW/ aummx+/vxw ~ F(X, wpuldX
= [ 1O = POl [ = all X )]

< € [ (00 + lual + )l = uldX + [ oy = ull A, )

< Cllun = ll oy (19201 + laallrongey + Il ny ) ltnlloncery
 Mn = ull ey 11 (X 0) 2
IN. & ) 1 1 1
6 da = 2 e 0 N, =0va —+— = —.
ay N r— 2p néu p # 0,11 = Ng, 4, néu p = 0 va - + 2

Mt khac ta c6 {u,(t, +t —T)}"= la bi chan trong S(k1 k).0(§2) va

S(le k0§82 = L1k nen ta c6
/f(X, Up (tn+t=T))up (t,+t—=T)dX — / f(X,u(t))u(t)dX khin — co.
Q Q
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Tu (3.2), ta c6

|P(X,0) — F(X / X, “*9 — ) g
/F (X, + By — 1)) (1 — 1)d0 g/‘f(X,quH(un—u))Mun—u\dH

g/{C(g(X)‘UwLQ(un—u))+‘(u+9(un—u))p+l‘>+|f(X,0)|}\un—u|d6
0
< C(g(X)ul + (X ] 4 [ul* + a1t — ] 4 [A(X) et = .

Do do6

/‘F(X, un) — F(X, u)‘dX < /|h(X)|\un —uldX

+/ (C<9(X)u+9(X)|un|+uﬂ+1+|un|p+1>unu|>dx,

Q

Ap dung bat ddng thic Holder, ta 6

1P w) = FOCw[ax < o g + a5

10O g2y + 190 sy (102, )+ Ml 2,1, )l = 2l

Mat khac ta c6 {u,(t, +t — T)}'= la bi chan trong S(2k1 k.0(§2) va

S(zkl,kz),O(Q) — L*P*) nen ta co
/ F(X,u,(t,+t—T))dX — / F(X,u(t))dX khi n — oo,
0 0

Do do6
Ho(up(t, +t—T)) = Hop(u(t)) khi n — oo.
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Ap dung (3.12) vé6i U, ta c6
T T
lim | e Hy(uy(t, +t — / (¢))dt

n—00
0

0
= 1(U(T)) — e ™ 1(U(0)).

Mat khac day {U,}"= 1a bi chan trong H, ton tai C > 0 sao cho
I(U,) < C v6i moi t > 0. Do d6

limsup I(U,(t,)) < Ce T 4 [(U(T)) — e "1 1(T(0)).

n—oo

Do I 1a ntta lién tuc dudi yéu, nén ta cho T — oo, ta ¢

limsup I(U,(t,)) < I(U) < liminf I(U,(t,))

n—»00 n—00
do do6 I(U,(t,)) — I(U). Nen ||U,(t,)|lg — [|U]|y ma H la khong gian
Hilbert do vay U,(t,) — U trong H. Do d6 S(t) la compact tiém can.
Ap dung Dinh 1 1.2.10, ta c¢6 diéu phai ching minh. ]

Dinh 1i 3.2.2. Gid st f(X,u) théa man diéu kién (3.2)—(3.5). Khi dé
nita nhom S(t) zdc dinh bdi Bai todn 8.6, co tap hit cuc tiéu toan cuc
M trong khong gian H, tic la, vdi moi (ug,u1) € H nghiém tuong ting
(u(t), us(t)) = S(t)(ug, u1) dan tdi tap E clia cdc diém can bing trong H
khi t — —+o00.

Chiing minh. Vi S(t) 1a hé gradient nén tap hit cyc tiéu toan cuc chinh
Ia tap cac diém can bang E£. That vay, tit chitng minh Dinh 1i 3.2.1 chiing
ta thiy tap cac diém can bang E bi chin, khi d6 S(¢) c6 tap hit toan
cuc compact A. Néu tap hiat toan cuc A ton tai thi né chita mot tap hat
cue tidu M trong H. Do vay tit Dinh 1f 3.2.1 suy ra sy ton tai ctia tap hit
toan cuc cyc titu M. Bay gis ta chiing minh M = E. R6 rang £ C M.
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Ta con phai ching minh M C E. Vi M = UUHw(U ), nén chi can chi ra
S

néu V € w(U) thi St)V =V, w(U) € E. Tu dinh nghia ctia w(U) thi

ton tai mot day ¢, sao cho lim ¢, = oo va S(t,)U = U(t,) — V trong

n—oo

H khi n — oo. Do ham Lyapunov bi chan duéi nén

O(V) = liminf ®(S()U) = (U (1))

t—00
véi t > 0. Tic ® la hing trén w(U). Mat khac néu V € w(U) thi
S(t)V € w(U). Vay ®(S(t)V) la khong phu thudoc vao t. Do vay

d(St)V
H—( ((hf) ) = 0. T do6 S(¢)V la khong phu thuoe vao t. Suyra V' € E,
H
hay M C E. Do d6 M = E. )

Vi du 3.2.3. Ta sé chting minh sy ton tai tap hat toan cuc ciia bai toan

bién v6i gia tri ban dau sau

(0* 0
8_157; +56—?: = P1su— |ulu véi (z,y,2) € Q2 C R3¢t >0,
§ u(z,y, z,t) =0 véi (z,y,2) € 02t > 0,
0
u(w,y,2.0) = (., 2), (.9, 2,0) = wi(e,y, 2) Vi (2, 2) € 2,
\

trong dé 3 1a hing s6 duong, Q 1a mién bi chan véi bién tron trong R3,

QN {z =0} #0,90{y = 0} # 0, uo(z,y, 2) € S 1570 0(D), wa(2,y,2) €
L*(Q) va , ) )
P%%u = % + g—; + mm%
Bay gio chiing ta sé di kiém tra cac diéu kien (3.2)—(3.5) dbi v6i ham
f(z,y,2,u) = —ulu| trong dieu kien (3.2) la p=1,C =1,9(X) =1 va
Nis=4,72=5=1

1 ? 372

3
4 1
41

That vay, ta co
flu) = fv) = —ulu] +vfv] = =(lulu — |uv) = (Julv — |v|v)
= —|ul(u—v) —v(lu| = |v]).
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Ma
jul = [(u = v) + o[ < Ju—=v[+[v], suy ra |u] — |v] < fu—wv]
Tuong tu
o] < v —ul+ |ul, suy ra [v] = |u| < |v—ul.
Do dé6 |Ju| — |v]|| < |u—v].
Vay

[f(w) = f(v)] = [Jul(u = v) + v(ful = [v])]
< fulfu =]+ o[ (Jul = [o]) < Jullu = v +[v|(ju = v])

= |u—o|(Jul + [v]) <|u—v|(Ju] + |v]| + 1), véip=1.

Vay ham f(z,y, z,u) = —u|u| théa man dieu kien (3.2).
Vi f(z,y,2,0) =0 € L*(Q), nén ham f(z,y, z,u) = —u|u| thoa man
diéu kien (3.3).

[ul”

Vi F(x,y,z,u) = 3 < C*uQ, véi 0 < CF < m,
41
nén ham f(x,y,z,u) = —ulu| théa man dicu kién (3.4) trong d6

g1(z,y,2) =0, g2(z,y,2) = C*.

Vi f(z,y, z,u)u = —|u|®* < C*u? nén ham f(z,y, z,u) = —u|u| thoa
man diéu kieén (3.5) véi g3(x,y,2) = 0, gu(x, 9, 2) = C*.

Vay ham f(z,y, 2, u) thda man cac diéu kien (3.2)-(3.5). Ap dung
Dinh 1f 3.2.2, ta ¢6 Vi du 3.2.3 ton tai mot tap hut toan cuc lién thong
compact trong S7 5, (1) x L*(Q2) doi v6i nita nhom S(t) sinh boi
Vi du 3.2.3.
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3.3 Danh gia s6 chiéu fractal ctia tap hit toan cuc

Trong muc nay ching t6i chitng minh s6 chiéu fractal ctia tap hut
toan cuc A sinh béi Bai toan (3.1) la hitu han. Phuong phap ma ching
toi st dung & day la phuong phap /— quy dao.

Dat

Hy:= {u € L0, 5 801, 1y 0()), ue € L*(0,£; LQ(Q))} ’

o [ w(0)
Ay := S u € Hy;u la nghiém cta (3.1) trén [0, ], va 0) €A,
Ut

trong d6 ¢ 1a mot hang s6 ¢6 dinh duong. Chuan trén H, dude dinh nghia

nhu sau

2 2 2
[ull, = Hu||L2(0,£;S(2kl’k2)’O(Q)) + lwellz20.0.02(0)) -

khi d6 H, 1a khong gian Hilbert va phiém ham thoi gian

5)

E(u(.,s)) = | ( 5((" K )

Khi d6 ro rang

2
- Hvk17k2u('7 S)‘@?(Q) + [l (., S)HiQ(Q) :
H
V4
Jully, = [ Blu(s))as
0
Dinh nghia

e: Ay — H v6i e(u):(u(g) ),

Li:Ay— Hy v6i (Li(u))(s) :=ui(t+s), sel0,4,

trong d6 w; 1a nghiem duy nhat ctia Bai toan (3.1) trén [0, ¢ + ¢] thoa

man ui|j,q = u.
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B6 dé 3.3.1. Cdc khing dinh sau la ding
a) L; la lien tuc Lipschitz trén Ay vdi moit > 0.
b) Li(Ay) = Ay vdi moit >0,
c)e(Ay) =A
d) e la lién tuc Lipschitz trén A, .

. . Uo (o)
Ching minh. Gia st Uy = ( ) c A, W = ( > e A va

Ut) = ( u(?) ) = S(t)Uy, V(t) = ( v((i)) ) = S(t)V.
bat w(t) = u(t) — v(t). Khi d6 w(t) 1a nghiém ctia bai toan:

p

w + Pwy = Py pyw + f(X, u) — f(X,v) trong Q2 x (0,00),
¢ w(X,t)=0véi X € 00,t >0,
w(X,0) = uyg — vo, w(X,0) = up — vy,

Nhan phuong trinh dau v6i w; va tich phan trén Q, ta c6
1d 9 9
S ol o+ el ) + 8 il

_ / (£(X,u) - f(X,v)) (w—w)ax, vizo (3.13)

0
Tit Bo dé 3.1.2 va ap dung bat dang thitc Holder ta c6 ton tai C1(A) > 0,

thda man

/(f(X u)—f(X,v)) (ut—vt>dX

/\fX w) — F(X,0) dX> (/|ut—vt|2dX>%

Q

< O lu=vllss oy llue = vellp2q)
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Suy ra

1d 5 ) ,
5& (HwHS(le,kz),o(Q) + HwﬁHLQ(Q)) + 6 HthLQ(Q)
< Ci(A) |lu — vl g

Bk (D) e — UtHLQ(Q) :

Do 8 > 0 nén ta c6

d
= (Il o+ o) < 2C1(4) fu =l

(k1,k2),0

< C(A) (lwllfs, o+ luelliag))

(k1,k2),0

Q) | s — Ut”L?(Q)

Ap dung bat déng thic Gronwall, ta c6

2 Oy (A 2 2
Hw|\s(2k17k2)’0(9) + (w2 (g < e (Hw(O)Hsgkl,k ST ||”wt(0)”L2(Q)>

2)

1S (Vo = Vo)l < [0 — Volly - (3.14)

a) Gia st uy, us € Ap. Khi d6 theo dinh nghia ctia A, ton tai vy, vo 12
nghiém ciia Bai toan 3.1 thoa méan

uy = Vi, Liur (s) = vi(s+1t), uz = valp g, Liua(s) = va(s+t),s € [0, £].

Dit w := v; — v9, ching ta lay s € (0,¢) va st dung (3.14), ta c6

E(w(t+5) = E (S(t) ( uils) ) —5(8) ( ”2(8)) )) < CE(w(s)).

v1:(8)

Tich phan trén (0,¢) cung véi bién s, ta c6

¢ ‘
/E(w(t—l—s))ds < C’/E(w(s))ds,

tu do suy ra

| Leur — Leus |3y, < Cllus — usll, -
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Do do6 L; 1a lién tuc Lipschitz trén A,.

b) V6i moi u € Li(Ay) ton tai uy € Ay thoéa man u(s) = (Liug)(s) =
us(t 4+ s), up la nghiém cia Bai toan (3.1) trén [0,/ + ¢] théa méan
Ul (O)

Ult(O)

usljo,q) = u1. Mét khac do u; € Ay nén ta co ( ) € A, do tinh

U2(§)

chat ctia tap hut toan cuc nén
ust(§)

) € A véi mai € € [0,¢+¢]. Nén

ta co u € Ay, do do Li(Ap) C Ay.

Ngugc lai, v6i méi u € A,. Tt Dinh nghia ctia A, va tinh chat ctia tap
u(s)

hit toan cuc, ta co
w(s)

) € A v6imoi s € [0,¢]. Do S(t)(A) = A,

uy(s)

nén ton tai
ut($)

) € A sao cho
u1(s) u(s)
g _
" (uu<s> ) ( wl )
( ur(t + s) ) _ < u(s) )
uy(t + s) u(s)

Va u; 1a nghiém cta (3.1) trén [t, £ + ], suy ra ton tai us 1a nghiem ctia

hay

Bai toan (3.1) trén [0, ¢ + t] sao cho ug|js1q = u1. Theo dinh nghia ctia
L; ta ¢6 (Li(u2))(s) = ui(t +s) = u(s). Do vay Ay C Li(Ay). Nén ta ¢
Ag — Lt(ﬂg)

o s u(f)
¢) V6i moéi U € e(Ay), ton tai u € Ay sao cho U = e(u) = 0 )
7

Tu dinh nghia cia A, vd tinh chat cia tap hat toan cuc ta co,

( Zt((i)) ) € A. Suy ra e(A;) C A.
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Ngugc lai, v6i moéi U € A. Do S(¢)(A) = A, nén ton tai ( o ) cA
Uy

U

uy

thoa man S(¢) ( > = U. V6i méi t € [0, (], dat

U u(t)
S(t = :
v < Ut ) < v(t) )

Khi d6 ta co u(t) € Ay, va e(u(t)) ( u(é)) ) = U. Suy ra A C e(Ay).

Do d6 ta c6 A = e(Ay).
14
d) Gid st uy,us € Ayp. Khi do ta co e(us) = wu(f) ce(ug) =
ult(ﬁ)
U/Qt(é)

( us(0) ) . Véi s € [0,4], ta diit w(s) := ui(s) — uz(s). St dung (3.14),

ta co

mw@nE(S@-@(:m“)w“1>)<cmmmgy

u1(s) — un(s

Tich phan trén (0,¢) v6i bién s, ta c6

jﬂﬂ@@<0iEW@Ms

hay
le(ur) — e(u2)||3; < C1 [lur — usll, -

Do d6 ta c6 dieu phai chiing minh

Tit ¢) va d) ctia B6 dé 3.3.1, ta c6
dimfA < dim} Ay
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Bo dé 3.3.2. Gid sitr € 2,2}, 1,) va > 0. Khi dé ton tai K, > 0 va
mot phép chiéu truc chuan hiu han chiéu P trong khong gian H, théa

man vdi moi w € Hy, ta cé

YA
/ [0(5) 20 ds < o a0l + K | P(w)Z, (3.15)
0

Chitng minh. Do r € [2,2} ;) nén ta c6
Sty 0(Q) == L7(Q) — L*(9),
ap dung Bo dé Aubin-Lions, ta c6

Hy < L*(0,0; L"(2)).

Dé chitng minh bo dé trén ching ta st dung phuong phép phan
ching, ta gia st (3.15) 1a sai. Khi d6 ton tai gy > 0 va mot day phép
chiéu truc chuan P, trong khong gian Hy, thdéa man P, — I hoi tu manh

trong H, va

Y4
[t

v6i day {wn o2, C Hy ciing v6i tinh chat |[wy]|g, = 1.

2 2
pr ds > po +nf[Po(wi)lly,, n=1,2,.... (3.16)

Tit (3.16) ta 6 || Py(wn)|lyz, — 0 khi n — +o0. Tit |Jw,||y, = 1, nén
ton tai mot day con ctia day {w,} hoi tu yéu dén w trong Hy, do vay
khong méat tinh tong quat, ta gid st w, — w trong H, v6i w € Hy. Do
do

P,(w,) — 0, va P,(w — w,) — 0 trong Hy,

suy ra

Pyw = P,(w —wy,) + P,(w,) — 0 trong Hy,
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(
nén w = 0. Do vay [ |lw,(s)
0

ir(Q) ds — 0 khi n — +o00, mau thuan véi

(3.16). Do do6 ta c¢6 diéu phéi chiing minh. ]
N 2

Bo6 dé 3.3.3. Gid st 0 < p < —— . Khi do vdi { du lon, Ly co tinh

Nkl’k2 - 2
chat GSP trén Ay.

Chatng minh. Gid st uy, us € Ap. Khi d6 ton tai nghiém vy, vy ctia (3.1)

thoa man
u1 = v1|[o,q, Leur = vi]j20, U2 = v2|[0,0, Lotz = v2[0,24-
bat w := vy — v9, ta co
wy + Pwy = Py pyw + f(X,v1) — f(X,v2). (3.17)

Nhan phuong trinh (3.17) v6i w; va tich phan trén €, ta c¢6

/(wtt +ﬁwt)wth = / (Pkl,kaJr f(X,v) — f(X, v2)>wth
Q

Q

= %%E(w)dXJrﬁ/th\QdX = / (f(X, v1) — f(X, Uz))wtha
Q Q)

tur gia thiét (3.2) ta co

1d

2
S Bw) + 8 [wrl g < € / (90X) + 0nl? + [val? ) ol [wr X .
Q

Ap dung bat ding thic Holder, ta c6

[ (900 410 + ol ol
Q

< C( Hg Lr1(Q) + Hvl EHP(Q) + HUQ ZHP(Q)) Hw Lr2(Q) Hwt|IL2(Q) )
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‘ 4 2Nk1,k2 1 n 1 1
ron ory = va — —_ = —,
g YT (N —2)p oy 2
2

Tu p < m suy ra o < 2j . nén ta co
1d 9
§EE(U)) + Bllwillz2) < Cllwll ) llwill 120 -

Ap dung bat déng thic Cauchy, ta c6

1d 2 5 2
s=E(w) + 8wl 72y < O llwllze@) + 5 lwill 7z
2dt 2
Suy ra
d 2 2
g EW) + B llwllz ) < 2C1 [0l ) (3.18)

Ta ¢6 dinh 7 € (0, £) va tich phan (3.18) trén doan (7,2¢), ta c6

20 20
E(W(2f))+5/|\wt|\%2(m dt < Cz/Hw 1yt + B(w(r)).  (3.19)

Tiép theo ta nhan phuong trinh (3.17) v6i w va tich phan trén Q, ta c6

/(wttw—kﬁwt)wd){ = /kal’kzde—F/(f(X, v1) — f(X, vg))de
Q

Q Q

< /kathde + C/ (g(X) + u1]” + |1;2‘P> \w‘2dX.
Q 0

Mat khac do

d 2
/wttde = g/thdX - ”thB(Q)’
Q Q

/wpkhk‘zde - _||Vk1’k2w’|22(9)7
Q
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ap dung bat déng thitc Cauchy va bat déng thitc Holder, ta co

1 2
/ wawdX | < il gy ol oy < 5 (I0lliage) + horlfa))
Q
[ (960 410 + e jwPax
Q
2 2
< C (gl gy + 1oalnsgey + 102l ) Ne0ll3aray < CollewlFarey
trong do6
1 1
—+—=1
1 r3
Do vay
1V 0] 20y, < (1+§) w2 —i/wtwdx (3.20)
1,52 L2(Q) — D) L2(Q)) dt 0

+ 04 Hw

i“(ﬂ) ,  6day ry ;= max{2,2r3}.

Tich phan (3.20) trén (7,2() ta c6

20

2¢ 20
B d
J190swlagy e < (14 5) [lunligae— [ (5 [wwax | at

T Q
20
2
+ C’4/Hw
T

Lr4(Q)

wpwdX | dt] =

—
&
SR
S

w(20)w(20)d X — /wt(T)w(T)dX

IA
S

Q

IA

05(E< (20)) + B(w <>>)
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nén ta co

20 ﬁ 20
/I\thkgwlli?(m dt < <1+§>/“wt”iz<m dt

2¢
+C'4/ ||w

Nhan hai vé ctia (3.21) véi € € (0, 1), sau d6 cong véi (3.19), ta c6

20 20
B
‘ / [Vl + (5 —e(1+ 5)) / el 7oy dt
T 2£ T
+ (1 — C5E>E(w(2£)) < 06/ ||w

trong d6 r := max {r9;7r4}. Ta chon € = min {ﬁ, %} khi dé6 ta c6

(1= Coe) Bwteny + (5-e(1+5)) / el

e / ¥k 0] 2 > 1 / Vbl i + / w22 0

T At + Cs (B(w(20)) + E(w(r))). (3.21)

1oyt + (14 Cse) E(w(T)),

2 20
:n/E(w)dt > n/E(w)dt,
T 14
20 2
06/ w7 @) dt + (1 + Cse) B(w(r)) < CG/Hw Lo At + 2B (w(7)),
trong d6 n := min {e,ﬁ —e(1+ g)} Do vay
2 20
n/E(w)dt < C’G/Hw %T(Q) dt + 2E(w(T)).
¢ 0
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Tich phan trén (0,¢) ctia bat déang thiic trén ta c6
20

776/ E(w )dt<06€7|w

14

l
L dt+2/E( (7))dr,

,
+— [ E(w
5/
0

suy ra
20

20
E/E@mﬂggk/ﬂwQ
Ui
4

0

Do do6

20
C 2
2 6 2 2
[Luy = Lusl[y, < F/HZU (o) dt + p; [ur — ually, . (3.22)
0

trong d6 L := L,. Mat khac ta co

20 / 20
2 2 2
lﬂmU@w:iﬂmU®a+/W
0 0 /

/
— [l
0

Ta chon ¢ = 2 tit B6 dé 3.3.2 va (3.22), ta ¢6

2 2
LT(Q) dt —|— / HLUI — LUQ L’"(Q) dt

C
|Luy — Lus||, < ?6 /Hul — [y dt + / | Ly = Lus|[7 g dt

1 2 Ce 2 2
o = el < (e llu = ey, + Ky 1P (un =),

1
|| Luy — Luo|| 3y, + K, || P(Luy — Lus)||3) + — 6l lur — us |7,
do do6
1 2 1 Ceu 2
3 120 - Ll + (5= %) 1o - Luaf
< 06 P P(L L)%
< 77 |P(ur — u2) ||y, + I|1P(Luy — Lus) |3,

1 Ceu 2
b (g ) =l
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Chon p = 19+06, ta co
| , 95 )
5 ILu1 = Luz|lg, + 155 1w — Lua|,
1
2 2 2
< Ky <\|P(U1 — ug)||3y, + [[P(Lur — Lu2)HH¢) + 13 [ur — uzlly, ,

5 1 K 9
6 day Ky = % Suy ra, hoac

9 192K, 9 9
I~ Loy, < 2250 Py — )+ 1P — L) ).
hoac
2 1 2
1 Luy = Lusll, < 5 llun — uelly,
do dé bd dé duge chitng minh. O

Két hop cac B dé 3.3.1, BS dé 1.2.14 v BS dé 3.3.3, ta 6

Dinh 1i 3.3.4. Gid st f(X,u) théa man cic dieu kién (3.2)~(3.5) vdi

0<p< N o Khi dé so chiéu fractal cia tap hit toan cuc A la
kika —

hiwu han.

Luu y 3.3.5. Néu p =0, g(X) € LNukT¢(Q), v6i € 1a 86 duong di nhd

khi d6 Dinh Ii 3.3.4 van dung.

KET LUAN CHUONG 3

Trong chuong nay, chiing t6i nghién cttu mot 16p bai toan hyperbolic
tat dan chita toan tit elliptic suy bién manh trén mién bi chin € trong
khong gian RY, v6i s6 hang phi tuyén tang trudng kicu da thic. Cac két
qud dat dugc bao gom:

1) Chitng minh dugc sy ton tai duy nhat ctia nghiém tich phan cla
bai toan (Dinh 17 3.1.5 ).

2) Chiing minh dugc sy ton tai tap hat toan cuc lién thong compact,
ctia bai toan (Dinh 1f 3.2.1).
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3) Chiing minh dugc s chiéu fractal clia tap hat toan cuc ctia bai
toan 1a httu han (Dinh li 3.3.4).

Cac két qua ctia Chuong 3 1a sy md rong cho cac két qua da dat
duge d6i v6i phuong trinh hyperbolic tdt dan chita toan tu elliptic
trong [10,11,13,46] cho toan ti elliptic suy bién manh va ham phi tuyén.
Phuong phap ching t6i sit dung 6 day la phuong phap phuong trinh nang
lugng va phuong phap —quy dao.
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Chuong 4

TAP HUT TOAN CUC DOI VOI PHUONG TRINH
HYPERBOLIC TAT DAN CHUA TOAN TU GRUSHIN
TREN TOAN KHONG GIAN

Trong Chuong 3, chiing to6i da nghién citu bai toan hyperbolic tat dan
chita toan t1 elliptic suy bién manh trén mién bi chan € trong khong gian
RY. Khi d6 nita nhém S(t),t > 0, sinh bdi bai toan 1a mot nita nhom
(phi tuyén) compact, titc la, S(t) 1a toan tit compact v6i moi ¢ > 0 (diéu
nay suy ra tit tinh compact clia phép nhing Sg .1 ,(2) — L*(Q)).
Trong chuong nay, chiung toi tiép tuc nghién citu bai toan trén toan
khong gian RY, N > 2. Khi d6 cac phép nhing can thiét khong con
compact, do d6 S(t) khong con 1a nita nhém compact nita va dieu do6
gay ra nhitng kh6 khian 16n khi nghién citu sy ton tai tap hiat toan cuc.
Dé khic phuc diéu dé6 ching téi da dua ra khoang cach suy bién tuong
tmg va st dung phuong phap uéc luong dudi nghiem dé ching minh su
ton tai tap hit toan cuc clia nita nhém sinh bdi bai toan trong khong
gian SZ(RY) x L?(RY). Chuong nay gom hai phan:

- Phan thi nhat: Trinh bay su ton tai va duy nhat ctia nghiém tich
phan.

- Phan thid hai: Trinh bay sy ton tai clia tap hat toan cuc trong
khong gian S7(RY) x L*(RY).

Noi dung ctia chuong nay dya trén cac bai bao [4] trong Danh muc

cong trinh khoa hoc ciia tac gia lien quan dén luan an.
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4.1 Su ton tai duy nhat ctia nghiém tich phan
4.1.1 Dat bai toan

Trong chuong nay tac gia nghién citu bai toan sau:
(

uy + Pur +u = Gru+ f(X,u),t >0,
\ X = (z,y) € RM x RN := RV, (4.1)
u(X,0) = ug(X), u (X, 0) = uy (X),

\

trong d6 B 1a hing s6 duong, ug(X) € SZRY),u1(X) € L*(RY) va

k
ou 0*u al

ur = gt = g |1 = (Z 2] Gru= At o Ayuk € Ry,
i=1

Ching ta gia st f(X,€) : RY x R — R 1a ham lién tuc théa man

(X, &) — f(X, &) < Cil& — & (9(X) + [&]7 + [&]7)  (4.2)
2N}

N, — 2

f(X,0) = h(X) € LX(RY), (4.3)

F(X,6) > Cof (X, 6)¢+gi1(X), véimoi X e RV €€ R, (4.4)

2
voi 0 < p< Ne =N+ (1+k)Ny > 2,27 =
N. —2

/ F(X,u(X))dX <0, v6imoiu(X)eSRY), (4.5)
RN
& day p,Ch,Cy 1a cac hing s6 duong, va g(X) € LV(RY) 0 L (RY),
£
g1(X) € L'RY), F(X,¢) = [ f(X,7)dr.
0



Khi d6 Bai toan (4.1) tré thanh bai toan

AU

—— — A *

dt U+ ), >0 (4.6)
U(0) = Up.

Dat H = S2(RY) x L*(RY). Khi d6 ¥ la khong gian Hilbert véi tich vo

huéng
(U,U)g{ = ( ( “ ) , < E > ) = (u,ﬂ)si(RN) + (U,@)Lz(RN).

Mién xac dinh ctia toan tit A 1a D(A) xac dinh bdi
D(A) = {( “ ) u,v € SERYY: Gru —u € LQ(RN))} :
v

4.1.2 Su ton tai va duy nhat ctia nghiém tich phan
Tt dinh nghia ctia toan tit A va khong gian JH, ta c6

B6 dé 4.1.1. Todn ti lién hop ciua toan tu A la toan ti A* xzdc dinh nhu

say
0 Id
AF = — ,
Gr—1d 0

V01

D(A*) = { ( z ) X, € SERY): Gy — x € LQ(RN)} .

Do f(X,€) thda man cac diéu kien (4.2), (4.3) nén ta c6 bo dé sau
Bo6 dé 4.1.2. Gid st f(X,€) théa man cic diéu kien (4.2), (4.3). Khi

do
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a) Anh za Nemytskii

FS2RY) — LXRY)

u — fu)(X) = f(X,u(X))

la Lipschitz trén moi tap bi chan ciua S,%(RN).

b) Anh zq

o — K

0
U “(U) :=
— ) (—ﬁv-l—f(X,u)>

la Lipschitz trén mot tap bi chan ciua JH.

Tt B dé 4.1.1 theo Dinh 1f Stone ta ¢é A sinh ra mot Cy— nita nhém

e tren K.

Dinh nghia 4.1.3 ( [59]). Gia st T" > 0,7 € R. Mot anh xa lién tuc
U :1[0,T) — H dugc goi 1a nghiem tich phan ctia Bai toan (4.6) néu né
la nghiém ctia phuong trinh tich phan
t
U(t) = MUy + /eMt_s)f*(U(s))ds, te|0,7).
0
Néu U kha vi hau khép noi tren [0, T') cung véi Uy va AU thuoce khong
gian L] (0,T;3) va théa man phuong trinh vi phan

d o
d_(; = AU + f*(U) hau khip noi tren (0,7), U(0) = Uy, U(t) € D(A)

khi d6 U dugce goi la nghiém manh ctia Bai toan (4.6).

Stt dung B6 dé 4.1.2 va chitng minh tuwong ty nhu Dinh 1i 46.1 (p.235),
Dinh 11 46.2 (p. 236) trong [59] ta ¢c6 ménh dé sau:
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Meénh dé 4.1.4. Gid s f(X,u) théa man cdic dieu kien (4.2)—(4.5).
Khi dé véi méi R > 0 ton tai T = T(R) > 0 di nhé sao cho vdi
Uy € K, |Uollsc < R, Bai toan (4.1) ton tai duy nhat mot nghiém tich
phan U € C([0,T); H).

Hon nita, néu Uy € D(A) thi U la nghiém manh cia Bai todn (4.1).
T (4.2), (4.3) ta c6

F(X, )] < C(g(X)Igf + |+ + (X, 0)lg])

Suy ra

/RN FXwldX < C/N (9GOl + [ul*” + |A(X) |ul )ax

2
< C (gl 5 gy 10155 gy + Il 28y + Wl ggam, el ey ) < -+oc.

v6i moi u € SE(RY).

Dinh li 4.1.5. Gid st f(X,u) théa man cic diéu kién (4.2)—(4.5) va
Uy € H. Khi dé Bai toan (4.6) c6 nghiém duy nhdt toan cuc
U € C([0,00); H). Hon nita, véi méi t co dinh dnh za Uy — S(t)Uy :=
U(t) la lien tuc trén 3.

Chiing minh. St dung Ménh dé 4.1.4 va li luan nhu trong Dinh 1i 3.1.5

ta c6 diéu phai chitng minh. O

4.2 Sy ton tai tap hut toan cuc trong SZ(RY) x L?(RY)

Tuw Dinh 1i 4.1.5, ching ta dinh nghia nta nhoém lién tuc
S(t) : H — H nhu sau
S(t)Uy :=U(t),
trong d6 U(t) la nghiem duy nhat ctia Bai toan (4.6), véi diéu kién ban
dau U,.
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Ta chiing minh sy ton tai tap hap thu cia S(t) trong khong gian K.
Bo dé 4.2.1. Gid st f(X,u) théa man cic diéu kien (4.2)~(4.5). Khi
dé nita nhom S(t) sinh bdi Bai todn (4.1) c¢é mot tap hap thu b chan
trong H, nghia la, ton tai mot hang s6 duong M sao cho vdi moi tap bi
chin B trong H ton tai s6 T = T(B) sao cho vdi moit > T, Uy € B, ta
co

2 2
[ullge vy + [[uell 72 @ny < M. (4.7)
Chatng minh. Gia st U(t) 1a nghiem ctia Bai toan (4.6) cung véi dieu
kién ban dau Uy khi d6 @ = u; + du thdéa man phuong trinh:
U+ (B—0)u+ (6°—B0+1)u=Gru+ f(X,u). (4.8)
Dat
_ 12 2 2
A(@,u) = [l 2@y + (82 = 08 + 1) [Jull 2@y + [ Viullf2@)
Ta 6 € (0,1) da nho sao cho
f—20>0, 8 —386+1>0,
va ton tai C; > 0,Cy > 0 théa man
2 2 2
Cr (Il oy + lal ooy + 1Vl o))
_ 2 2 2
<A@ ) < s (Jlulfamm) + Il Fae) + I Viullomn ) - (49)

Nhan phuong trinh (4.8) v6i @ va tich phan trén RY, ta c6

1d _ 12 2 2
S (A@ ) = = (8= 6) [y, — 6(02 = 68+ 1) llul e

=31 suley + [ XX = (26 - 8) [lan + [ FOXw)udX
RN RN

-|—(5/f(X, wudX — 6A(T, u).
RN
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A, u) —Q/F(X,u)dX < —0A(u, u)—|—5/f(X, u)udX
RN

RN

< —SA(T,u) + C%/ (F(X, w) — gl(X))dX.

RN

Tw (4.5), ta ¢6

d _
g A(u,u)—?/F(X,u)dX

RN

N | —

< —pu A(ﬂ,u)—Q/F(X,u)dX + Cs,

RN

trong do6

(L= min {5,%02} > 0, C’3:—i g1(X)dX.

Ap dung bat dang thic Gronwall, ta co

A(ﬂ,u)—2/F(X,u)dX

RN
C C
< e 2 | Ay, uo) — 2/F(X, uw)dX — 2| + =2, ve>o.
Il u
RN
Khi do ta c6
_ C
lullse ey + lluelfogr) < Ce™ T (ug, w) + 75 (4.10)

& day T(up, 1) = [Juollspmny + llwal 72y + Ca, nén

2|C5|

|‘u|‘?§£(RN) + HutH%Q(RN) < v6il moi ¢ > 17,
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trong do

i ln—C“T‘gﬁTul) néu —C“Tg‘i’“l) > 1,
Ih= ’ P C,u‘J'(th Uup)
0 neu IT\I <1.
7z , s X 2 . - . L. . 2‘C5|
Do do6 ta c6 dieu phai chitng minh vé6i M = : []
0

Bo dé 4.2.2. Gid st f(X,u) théa man diéu kien (4.2)(4.5) va Uy € B.

Khi dé vdi moi e > 0, ton tai hang s6 duong T(€) va R(€) théa man
/ (1uP + > + [ViuP)dX <. 2T, R>R(), (411
| X[k=R

trong do

1
2(1+k)

X = [l 4 (14 k2P
va U(t) la nghiém cia Bai todn (4.6) vdi dieu kién ban dau Uy.

Chiing minh. Ta st dung k¥ thuat ham cat dé chitng minh cac uéc luong

dudi nghiém. Gié st ¥ [a mot ham tron théaman 0 < J(s) < 1véis € Ry

N

va

Y(s)=0 khi 0<s<1; Y(s)=1 khi s>2.

Khi d6 ton tai hang s6 Cy > 0, thda man | (s)| < Cy v6i moi s € R,

X 2(1+k) 1 X 2(1+k)

Ta co

R2+k) | T Reitk) R2(17F)
trong do
Vil X ‘Z(H—k)

=201+ k) (w2, o, (L4 )l g (L4 Bl )

suy ra

VX2 = 2(1 4 k) |afF X1

89



X[}

Nhan hai vé ctia phuong trinh (4.8) véi 9 ( jeeE=n) ) u va tich phan trén

RY ta c6
XN BRCA
/19 <—R2(1+k) wud X + (ﬁ —5) /19 (T @2dX

RN RN
2(1+k) 2(1+k)
2 | X1 _ B | X, B
—i—<5 55+1)/19<R2(1+k) )uudX_/Gkuﬁ (W TdX
RN RN
XN
/ f(X,u) ( i | T (4.12)

Nhung

X (1+Fk) X (1+Fk)
— / Gkuﬁ<|R2|’;Hk >—dX / (ij (Viu, Vi) pyd X

RN
T R / v (RQIET a(Vil X[3Y, Viw)prd X
RN

|X| 1—|—k
- /19 (W) (Viu, (6Viu + Viug) Jgpvd X

RN
+ R2(1+k) /79 (W (Vk|X|k vku)RNdX
RN
1d ‘X‘k (1+F) ) |X‘i(1+k) ;
2dt v ( R2(1+k) Vil dX+5/19 NN |Vu|*dX

_1 |X‘2 ki 2(1+k)
+ R2(1+k) /19/ (W) ﬂ(vk‘X‘k ,VkU)RNdX,
RN

XU 1d X204 "
RN

RN
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va

2(1+k)
2 ‘X’k _
RN
X 2(1+k)
= (52 — po+ 1) /19 <W w(uy + du)dX
1d ‘X‘ 1+k)
I ) L 5
= (# o+ 1)5&/19 <—R2W uPdX
2(1+k)
2 ‘X‘k 9
+5(02 83 +1) /0 <—R2(1+k) ) uf2dX.

C(a@,u) = (52 — B+ 1) ul? + |Viul? + @)
Khi d6 (4.12) tré thanh

1d \X\i(”’“) B |X|z(1+k) B
SRTH < feiy ) Gl w)dX = _5/79 e | GG uw)dX
RN

]RN
| X |k () ‘X‘i(uk)
_(6_25>/19 R2(1+k) |u|dX+/qu TR udX
RN
T R20+k) /19 (W UV X2 V) g d X,
RN
va tu’ ) ta co

‘X‘k; (1+k) ‘X‘i(Hk)
RN
(1+k) 2(1+k)
f X |k dX + 6 f(X )19 & dx
u)? R2 e ;U T | U
RN

d X[ X0
N E/F(X’ u)? ( R2(11%) dX+5/f(X7U)?9 | WX
RN



5 |X|i(1+k)

RN

Do do6 ta co

1 d |X|2(1+k) B

RN

|X|2(1+k) B
< —p / 9 (W <€(u,u) _92F(X, u))dx
RN
|X|z(1+k) iy 5 |X|i(1+k)
~(8 - 2) /19 <—RQ(1+k) aPdx — 52/19 e | a(X)dx
]RN

1 X[ e
/ —
_R2(l+k) /19 R2(1+Fk) u(vk’th ,Vku)RNdX

RN

< —/19 (@?—i?) [M(e(a, u) = 2F (X, u)) + C%gl(X)] dx

RN

! X[ 214k
/ —
_R2(1+k) /19 R2(1+k) U(Vk|X\k avku)RNan

RN
trong d6 ;= min {0, %} > 0.
Mit khac, do ¢1(X) € LY(RY), ton tai Ry > 0 théa man véi moi
R > Ry, taco

5o (KR ; o

| X[k >R
€

<C / Igl(X)!dX§4

| X[k >R
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Ap dung bat ding thic Holder, ta c6

! X S(148)
/ —
- R2(1+k) /19 R2(11F) u(Vi X[, Viu)gvd X =

RN

| §|20R)
_— / 9 (—' e ) (v X2 Vud X

R2(1+k) R2(1+k)
| X[,<2R

N
[

—C = 2(1+k
S 2w / [a*dXx / IV X212 2d X

X[p<2R X[p<2R

1
2

g% / |2dX / ViulPdX | <

X|p<2R X|x<2R

N

VR > R».

1o

Ap dung bat ding thic Gronwall, ta c6
‘X‘i(l—Fk‘)
i [ g (1XE
<e H /79 W (G(ﬂo,uo) — 2F(X, U,Q))dX

+ e(1 - e—w), YR > R(e).

Do Uy € B nén ton tai hang s6 M > 0, thda man

|X|2(1+k;)

RN
Két hop véi (4.9) va dinh nghia cia ham o, ta c¢6 diéu phai ching
minh. ]

Tt Bo dé 4.2.2, v6i mdéi U = (u(t),w(t)) 1a nghiém cla
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Bai toan (4.6), v6i diéu kien ban dau Uy = (up, u1) € B, ta ¢6

T

: 1 2 2 2 _
T,}%lfioof/ / <|u\ + |ue|” + |Viul )dde = 0. (4.13)

0 |X[k=R

Bo dé 4.2.3. Gid st f(X,u) théa man cic diéu kien (4.2)—(4.5) va
U, — U trong H. Khi dé véi moi t > 0 ta cé

St)U, —= St)U trong H. (4.14)

Chiing minh. Do U,, — U trong H. Nén day {U,} 1a bi chan trong khong
gian H. Khi d6 theo Bo dé 4.2.1 ta c¢6 day {S(¢)U,} bi chin trong khong
gian L>(0,T;H) v6i moi T > 0. Ma f(X,u) théa man diéu kien (4.2)
nén { f*(S(t)U,)} cting bi chin trong khong gian L>(0,T'; J(). Mat khac
S(t)U, 1a nghiém ctia phuong trinh (4.6) nén {<S(¢)U,} bi chan trong
khong gian L>(0,T;H1). Do d6 c¢6 mot day con {n,,} théa man

(

St)U,, — O(t) trong L*(0,T;X),

§ fASHU,,) — x trong L*(0,T;H), (4.15)
d d _
\ £S(t)Unm 4a@(t) trong L2(0,T;H1).
Gia sit U, = ( n ) O(l) = ( o1(1) ) khi d6 S(t)U, = ( S()un )
Up, 02(1) S(t)oy

s
*
nn
=
&
I
7 N

0
—BS(t)”Un + f(X7 S(t)uﬂ) > |

S(t)up,, — 61(t) trong L*(0,T;Si(RY)), (4.16)
S(t)on. — 05(t) trong L2(0,T; L2(RN)), |
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o 0
AT (—Bez(t)ﬂc* )

Chung ta can chiing minh yx = f(-,61(t)).
That vay, v6i moi v € S2(RY), ¢, t +a € [0,T] ta c6

t+a

(St + aYun, — S(E)itm, 0) prgar) = / ((S(T)um, ) ) panydr
t
t+a

< Il / IS s ossgoam &7 < Callolggan

§ d6 C 1a hang s6 doc lap vé6i ny,. Chon v = S(t + a)u,,, — S(t)u,, , ta

co
hn% sup / |1S(t + a)u,, — S(t)uan%Q(RN) dt =0, VI'>0. (4.17)
a— N,

Gid st ¢ € C1([0, +00), [0, +00)) 1a ham théa man
0<¢(s) <1, ¢(s)=1, Vsel0,1], ¢(s)=0, Vs >2.
V6i moi n, va k > 1, ta dinh nghia
| X]?
(X, 1) = (5 ) SO,
Khi dé ta c6 v6i moi k > 1, day {wy,, x}n,,>1 bi chan trong khong gian
L*(0,T; S]%,O(Qg,i)) N L>(0,T; L*(Qy,)) v6i moi T > 0. Hon nita, ta c6

a—=0 p,

2
lim sup /Hwnm’,.;(X,t)HLg(Q%)dt—i— / Hwnm’,{(X,t)Hiz(Q%)dt) =0,
0

trong d6 O, = {X € RY : |X| < 2k}
M3t khac tir (4.17), ta c6 v6i moi k > 1,
T—a

hmsup/”wn (X t+a) —wn, (X, t)HL2 dt = 0.

a—0
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Hon ntta, do 9, 1& tap bi chian nén khong gian 81370(92,{) nhung
compact vao khong gian L?({,). Khi d6, do Bd dé compact trong [63],
ta c6 {wn, x}n,>1 12 compact tuong doi trong L2(0,T; L ().

Mat khac wy,, (X, t) = S(t)u,,, v6imoi X € Q,, tacod véi moi k > 1
day {S(t)un, |o.} 1a tién compact trong L?(0,T; L*(€)). Nén ton tai
mot day con cta day {S(t)up,,} ky hiéu la {S(t)u;m},, >1 thoa man

S(t)u,m™ — 01 trong Q, x (0, +00) khi n,, — 00, Vs > 1.
Khi do, do f(-,-) la lién tuc nén f(X,S(t)u

noi trong Q. x (0,400). Ma day {f(X,S(¢
L*(Q, x (0,T)). Nén ta c6

— f(X,0) hau khap
)} 1& bi chan trong

Upr)
Y
F(X, S(tyupm) — f(X,61) trong L*(0, T; L*(€2,)).
Tu tinh duy nhat ctia gidi han ta c6
x* = f(+,01(t)) hau khap noi trong Q, x (0,7), VT >0,Vk > 1,
ma HL_J Q. =RY, do vay
x* = f(-,01(t)) hau khip noi trong RY x (0, +00).
Do doé ta c6
f(S(H)Un,) = f7(©) trong L*(0,T79%).

Do vay ta c6

m

t t
MU, + / AT 4 (S(T)U,, AT — MU + / A7) £4(0)dr trong K.
0 0
Do tinh duy nhat ctia giéi han nén ta c6
t
O(t) = MU + / A7) 1(0)dr,
0
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do tinh duy nhat ctia nghiém do vay © = S(¢)U. Do mdi day con clia day
d
{S(t)U,, ES(t)Un} c6 mot day con hoi tu trong khong gian L?(0, T; H x

. . d
H1) va gi6i han clia mdi diy con nay déu la (S(t)U,ES(t)U). Do

vay day {S(t)Un,aS(t)Un} hoi tu yéu dén (S(t)U,%S(t)U) trong
L*0,T;H x H™Y). Do dé véi mdi t € [0,7T] ta c6 S(t)U, — S(t)U
trong H 1. Mat khac do v6i méi t € [0, 7] day {S(¢)U,} 14 bi chiin trong
H. Neén ta c6 S(t)U, — S(t)U trong H. O

B6 dé 4.2.4. Gid st f(X,u) théa man dieu kién (4.2) va Q la mot mién
tron bj chan trong RN, u, — u trong S3(Q), v, — v trong L*(Q). Khi dé

/f(X7 Up )V d X — /f(X, w)vdX khin — oo,
va

/F(X,un)dX%/F(X,u)dX khi n — oo.
Q

Chiing minh. Ta c6

’/qunvndX /quvdX‘

‘/ F(X, up)v f(X,un)v—i—f(X,un)v—f(X,u)v)dX’
/‘qun F(X, up) ‘dX+/‘qun)v—qu ‘dX

:/’f(X,un) vn—v}dX—%/‘va(X,un)—f(X,u)‘dX

QO Q

2 3

<\ (X u)| dX

([l

+ (/’f(X,un) —f(X,u)‘QdX>§(/|v|2dX>é
Q Q

2 3
Uy, —v’ dX)
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Do u, — u trong S3(2),v, — v trong L*(Q) va f(X,u) thdéa man diéu
kién (4.2). Do vay day {u,} 1a bi chan trong S2(Q2) va { f(X, u,)} bi chan

trong L?(Q2) nén
w)'(f

([ |rexm)
Q Q

Ly luan tuong tu nhu Dinh 1i 3.2.1 ta ¢6

2 3
Un—v‘ dX) 0 khi n — oo.

(/‘f(X,un)—f(X»U))QdX);</|v!2dX)§ — 0 khi n — oo.
Q Q

Do vay
Q Q

Chiing minh tuong tu ta co

/F(X,un)dX%/F(X,u)dX khi n — oo.
Q 0

]

B6 dé 4.2.5. Gid st f(X,u) théa man cdc diéu kién (4.2)-(4.5), B
la tap bi chan trong H va € la mot so duong co dinh. Khi dé ton tai
To = To(e, B) sao cho vdi moi day {U,} la day bi chan trong B, hoi tu
yéu vée U trong H ta cé

limsup ||S(T)Uyl|5c < ||S(T)Uol|g¢ + € vdi moi T > Tj,. (4.18)

n—oo

Chiing minh. Dat

1
Bu(t), ui(®)) = 5 (IVu®) G, + 1), + )] Fagen))

[B(0,R)] = {X e R, |X|;, < R} véi mdi R € R}
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va gid su S(t)U, = (u,(t), un(t)) la nghiém cia Bai toan (4.6) cung
vl dieu kien ban dau U, = (u,(0),u,(0)) va St)Uy = (u(t), us(t))
la nghiem ctia bai toan véi dieu kien ban dau Uy = (u(0),u(0)). T

B6 dé 4.2.1 suy ra ton tai C' > 0 sao cho

sup (ST, < C. (4.19)

t>0,n>0
Nhan phuong trinh dau ciia Bai toan (4.1) v6i uy + Zu va tich phan trén

2
RY, ta co

i (o 3+ (=5 i - ox

2dt 2 4
RN
—5 [y ar=50-5) [
RN RN

—g/\vkuFdXJrg/f(X,u)udX.
RN RN

Stt dung tich chat ctia ham f(X,u), danh gia tuong ty nhu Bo dé 4.2.1,

ta co
B |° 2\ e )
wtGul (1= fullfyy + [ Vil e — 2 [ FOXu)dX
L2(RN) s

2 2

_B

<o ¥ ( a4 D]+ (12 Ju(0) e,

2 LQ(RN) 4

RN
Do d6 ton tai Cy > 0, v6i moi t > 0 ta c6

U + —=U

2 ﬁZ
) 2
: T (e J M e

L2(RN)

- 2/F(X, W) dX < Cy.

RN
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T (4.10) suy ra

ut—l—gu

(1 5 ) TalBgay + 9l
L2(RN)

RN

Nhan phuong trinh dau ctia Bai toan (4.1) v6i u; + gu va tich phan trén
0, 7] x RY, ta c6

T
g//(\ut\2+|u|2+\VkU|2—f(XaU)U>dth
2 2

0 RN
5 ) 5
- (1 + — ) ||w(0)||72(my
[ L2(RV) 4 HE

+|vku(0)|§2(RN)] - /F(X,u(O))dX+/F(X,u(T))dX

RN RN

+( )Hu( D)o
L2(RN) 4 FED

2
HIViu(T)| 2 @)

u(0) + gu(O)

DN | —

1

5 w(T) + zu(T)

2

Do do6
/ E(u(t),ut(t))—/f(X,u)udX dt| < C. (4.20)
0 RN

Tuong tu nhu (4.20), do B 1a bi chan trong H va U, € B, v6i méi T' > 0

ta co

T
/ ), Unt (1 )—/f(X,un)undX dt| < C. (4.21)
0 N
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Nhan phuong trinh mot ctia Bai toan (4.1) véi ug va tich phan trén
t,T] x RV, ta c6

E(u( /FXuXT dxw/nuTHLzRN
RN

_ /FXuXt JAX. (4.92)
RN

Tir (4.20) va (4.22), ta c6

E(uw(T),u(T)) — /F(X uw(X,T))dX + g//HuTHiz(RN) drdt

i
_ 1 [ — [ F(X,u(X,t)dX | dt

) /
> %//(—F(X,u(x,t))+f(x, u)u)dth—%. (4.23)

0 RN

Tir (4.21) va (4.22), ta c6

T T
E(un(T), un(T)) — / F(X, un(X,T))d ; / / et 22 ey drdlt
0

RN t

C

< T// F(X,u,(X,t)) + f(X, un)un)dthJrT. (4.24)

0 RN

Tu (4.23) va (4.24), suy ra

T T
RN 0 ¢
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< 1/T/<F(X,u(X,t))F(X,un(X,t))>dth

T
0 RN
. T
_|_T//(f(X,un)un—f(X,u)u)dth-i—E(u(T),Ut(T))
0 RN
K T T QC
— [ PO+ L gy drae+ 2
RN 0 ¢t
hay
E(un(T), ung(T / / (X, u(X, 1))~ F(X,un (X, 1)) ) dX s

0 RN

+%// (f(X,un)un—f(X,u)u)dth+E(u(T),Ut(T))
0 RN
2C

+ /F(X, un(X, T))dX — /F(X,u(X, D)X |+

N

/6 T T T T
0 t 0 ¢

T U, — U suy ra u,; — u, va bdi tinh nia lién tuc yéu ctia chuan, ta

CO

o 2 2
llﬁlol.}f HuntHLz(RN) > HutHL2(RN) )

khi d6 v6i mdi € > 0 ton tai Ny > 0 sao cho v6i moi N > Ny, ta co

T T

T T
//”U/T”iQ(RN)det_//HunTH%Q(RN) detSE. (426)
0 t

t 0
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Tu B dé 4.2.4, ta ¢6

lim — /T / (F(X.u(X,1) ~ F(X,u,(X,1)) )dXdt =0, (4.2

n——+00
0 [B(0,R)]

lim l/T / (f(X,un)un—f(X,u)u)dth:O, (4.28)

n——+00 T
[B(0,R)]

n—-+o00
[B(0,R)]

lim / (F(X,un(X,T))—F(X,u(X,T)))dX:O. (4.29)

Mat khac ta ¢o

% /T / (F(X.u(X.1)) ~ F(X.u,(X.1)) ) dXds

0 RM\[B(0,R)]
o T
+1
< T { |, — UHLQ(RN\[B(O,R)}) [( Hu"Z%HU(RN\[B(O,R)])
0

el sy ) + IO @z

gl (Huu . ] g ) a,
L REABOR)) “2 (RN [B(0,R))) 2 (RV\[B(0,R))

% /T / FOX ) = F(X,u)u)dX

0 RN\[B

T
/{|unu|L2(RN\[B(OR (HQHL% (RN\[B(0,R)]) ||Un“ ey
0

+ [l @y m0.RY)

%IQ

*(RM\[B(0,R)])

2
rre@\BO.R)) T 1 (X W@ 50.R))

L2 (®M\[B(O.R)) ) }dt

[

el oo,y l1im
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IN, . / 11 1
————neup#0,ri=Nyneup=0va —+ — = —.
(N, —2)p r re 2
Vi vay, tit Bo dé 4.2.2 va (4.13), ta c¢6 véi mdi s6 € > 0 tiy ¥, ton tai

Ty va Ry thoa man véi moi T' > Ty, R > Ry, ta co

trong d6 r1 =

_/ / F(X, u(X,t) — F(X,un(X,t)))dth

0 RM\[B

! / / F(X, up)u f(X,u)u)dth
B(o,

0 RN\
/ F(X, un(X, T)) — F(X,u(X, T)))dX +% <e  (4.30)

RN\ [B(0,R)]

Do d6 tit (4.26), (4.27), (4.28), (4.29) va (4.30), sau d6 chuyén qua gidi

han, ta c6

lim Sup E(un(T)a um‘(T)) < E(U(T)7 ut(T)) + €,

n—00

suy ra diéu phai chitng minh. O
Bay gid ta chiing minh tinh compact tiém can ctia S(t) trong K.

Dinh 1i 4.2.6. Gid st f(X,u) théa man cic dieu kién (4.2)—(4.5). Khi
do {S(t)}+>0 la compact tiém can trong H, nghia la, vdi moi day bi chan
{U,}>2 trong H va moi day khong am {t,}>°, théa man t, — +oo khi
n — 400, khi do {S(t,)U,}>2, ¢6 mot day con hoi tu trong H.

Chitng minh. T Bo dé 4.2.1, ta c6 ton tai mot tap bi chin B trong H
thoa man S(t,)U, C B,Vn € N, do d6 ton tai U € H va mot day con
{ni}2, sao cho

S(tn, )Up, — U trong I,
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hminf”S(tnk)UnkaH Z HUHJ{ (431)

k—+00
Bay gio, ching ta sé ching minh ton tai mot day con cta day
S(tn, )Up, hoi tu manh t6i U trong H, bang cach ching ta sé xay dung
day con S(tn,,)Up,, cia S(tn,)Un, thoa man

lim sup HS(tnkj)U

. Tk
j—00

< |U |4, -
<10l

That vay, tit Bo dé 4.2.5 ta c6 v6i mdi [ > 0 ton tai Ty = Ty(l, B) sao
cho v6i moi {p;} C B, p; — ¢ trong H, ta co

) 1
limsup [|S(To)¢illsc < IST0)elle + - (4.32)

1—00 [

Vi t,, > Tp, khi do6 ta co
S(tnk — TO)Unk C B.
Do d6 ¢6 Ur, va mot déy con {ng,, }3;_, cua day {n};2, thoa mén

- TO)UTLk.

o — Un trong I, (4.33)

S(t”kju)

nén st dung Bé dé 4.2.3, suy ra

S(tn,

‘(l))Unkj = S(TO)S(tnkj(l) - TO)U

0

) - S(T())UTO trong .

Do tinh duy nhat cta giéi han nen U = S(Tp)Ur,.

Lay ¢r,, = S(tnkj(l) — TO)Unkj(l) trong (4.32), ta co6

| 1
lim sup || S(T5)S (g, = To)n,,, || < IS(To)Un g + 7.
§(1)—o00 : B
Suy ra,
1
I Hs te U H < U + = 4.34
;I(]l[;iliop ( ’“J‘m) 50 g — 101l + [ (4.34)
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V6i I =1 tit (4.34) ton tai j1(1) thda man

Hs(tnkn(l))Unkh(l) H S HUH:H T 2.

Ta dinh nghia j;(1) béi j;.

V6i | = 2 tit (4.34) ton tai j»(2) théa man ny, < ng,, va

|5t i, [ < 105+ 1.
Ta dinh nghia j»(2) béi js.
Tuong tu, v6i | = m tu (4.34) ton tai j,(m) thoéa man
Mgy, < N,y VA
St 0, [ <01+ 2
) i m) || 9¢ m

Ta dinh nghia j,,(m) béi j,.

Ctt lam nhu vay ta c6 day {ny, }i2; la day con ctia day {n;}p2, va

thoa man
limsup || S(tay, O, || < 105
1—00 ¢ K
Do d6 ta c6 dieu phai chitng minh. O

Ta chiing minh sy ton tai tap hat toan cuc ciia nita nhém S(¢)

trong J.

Dinh 1i 4.2.7. Gid st f(X,u) théa man diéu kien (4.2)—(4.5). Khi dé
nita nhom S(t) sinh ra boi Bai todn (4.1) c6 mot tap hat toan cuc Ag

trong 3.
Chitng manh. Ki hiéu
B = {U e H: ||UJ% < M},
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§ day M 1a héng s6 trong (4.7). Khi d6 B 1a tap hap thu ctia S(¢) trong
H. Hon nita, S(t) 1a compact tiém can trong H do Dinh 1i 4.2.6. Vi vay,
ta c6 sy ton tai tap hut toan cuc Ag ctia S(¢) trong H. O

Vi du 4.2.8. Ta sé chitng minh sy ton tai tap hat toan cuc ciia bai toan
Cauchy sau

82
o2 +ﬁ +u-G%u+f(X,u)véiX:(a:,y)ERQ,t>O,

ou .
U(ﬂ’],y,O) = uO(ajay)v E(xayao) = U’l(x7y) VOl ($7y> € R27

trong d6 ug(z,y) € S7,(R?), ur(z,y) € L*(R?), B 1a cac hang s6 duong

0*u 0%u
va
0 b Jul < 11X = a? 4 g
X =1
T khi ful > 1
Dit

F(X,u) = / F(X.€)de

Néu |u| <1 ta c¢6

Néu |u| > 1 ta c6

F(X,u) = /fo /f(X§d€+/qu,§)d§
0

[ £(1- &)
= / PSR /|X|4+1
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B 1 (u2 u? 1)
O XPErIN2 4 2)
Do dé
. u2 ul
|X|41+1 (7 — Z) khl |U‘ < 1,
F(X,u) =
1 u? u? 1 :
X (7 T a i) khi fu| > 1.

Bay gio ching ta sé di
f(X,u) trong diéu kién (4
L3 (RN) N Li(RY) va Ny

di ki
2

m tra cic dieu kién (4.2)—(4.5) d6i v6i ham

1 e

¢
J1a C =3,p=4,¢9(X)
il
.

1
= X1 T (|X|4+1)

That vay, néu |u| v |v| cing nho hon bang 1 ho#c cuing 16n hon bang

1, khi d6 ap dung bat dang thiic Cauchy ta c6

|f(X7u) T f(erU)‘

B u(l—uQ) v(l—v2)‘
X+ X4 +1

1 2 2

1 3 3
< | Ny — ol + 242 _2)
_‘\XH+1WL?M HPRRS
< u—vHu4+v4+ L +( !
- | X[+ +1 | X4+ 1

i

Néu |u| va |v]| ¢6 mot s6 lon hon 1 va mot s6 nhd hon 1 khi d6 ta co

]u—1\§|u—vl,]v—1\§|u—vl,

‘f(XaQL) o f(XaU)|

IA

IA

_|_

IA

[f(X,u) = F(X DX 1) = F(X0)]

1

3’uv)<u4+v4+

|XH+1+QXF+1
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| X4+ 1 | X441

1 2
u—v‘<2+u4+v4+—+2(—) )
| X4+ 1 X4+ 1
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Vay ham f(X,u) thoa man diéu kién (4.2).

Ta c6 f(X,0) =0 € L*(R?), nén f(X,u) théa man diéu kien (4.3).

Véi diéu kien (4.4), ta chon Cy = 1, g1(X) =
That vay, ta tim C va go(X) =

— 1= € LR,

‘X|4+1 thdéa man

F(X,u) > Cif(X,u)u+ ¢,

| X4+ 1
( _1 u2 ul fu(l u) .
XTI (7‘?) > Cryppr + oy khi Jul <1,
< 4
‘X‘1+ <“72—“I4——>>C’1u(1—u)+02 khi |u| > 1,
(5 -8) > —uC (1-w?) + G, khi Ju] <1,
< 4
“72—14——>01u(1—u)—|—02 khi |u| > 1,
\
(
(3 —C)ut+ (Cr —3)u* > O khi |u| <1,
< 4
(Ci—u'+(5-C) = Cot3 khi |u| > 1,

ta chon C = Z khi d6 C3 thoa man
—1u? >y khi Ju| <1,

Tu* > Co+ 4 khi |ul >1,

nén ta chon Cy = —1. Khi d6 ta cé

>~

1
f(X, W)y — ———— VX € R®  ucR.

rin = X+

AN

Ta co
2 4
_(“ “_><o VX € R% V|u| < 1,
2 4 1
_<“____§> <0, VX € R%V|u| > 1.
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Nen F(X,u(X)) <0, véi moi u € Sf/Q(RQ). Vay ham f(X,u) théoa man
didu kien (4.5).

Do d6 f(X,u) théa man cac dieu kién (4.2)—(4.5). Nen ap dung
Dinh 1i 4.2.7, ta ¢c6 Vi du 4.2.8 ton tai mot tap hut toan cuc
Asf/Q(W)xL?(R?) trong S%/Q(R2) x L*(R?) dbi v6i nita nhém S(¢) sinh baéi
Vi du 4.2.8.

KET LUAN CHUONG 4

Trong chuong nay, ching toi nghién cttu bai toan hyperbolic tat dan
chita toan t1t Grushin trong toan khong gian, véi s6 hang phi tuyén thoa
man mot s6 tinh chat. Cac két qua dat dugc bao gom:

1) Chitng minh dugc sy ton tai duy nhat ctia nghiém tich phan cta
bai tosn (Dinh If 4.1.5 ),

2) Ching minh duge sy ton tai tap hut toan cuc ctia bai toan
(Dinh 1f 4.2.7).

Cac két qua ctia Chuong 4 1a sy md rong cac két qua tuong ting trude
d6 doéi v6i phuong trinh hyperbolic tat dan chia toan ti elliptic trong
toan khong gian trong [27,33] cho toan tit Grushin va ham phi tuyén.
Phuong phap duge st dung & day la phuong phap wéc lwgng dudi nghiém

cho hinh cau suy bién tuong ting vé6i toan tit Grushin.
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KET LUAN VA KIEN NGHI
Cac két qua dat dudc

Trong luan an nay, ching to6i nghién ciu sy ton tai nghiém, tinh
chinh quy cta nghiém cta bai toan bién c6 chita phuong trinh elliptic
suy bién trong mién bi chan c6 bién tron va sy ton tai nghiém toan cuc,
tap hat toan cuc clia bai toan bién gia tri ban dau doi véi phuong trinh
hyperbolic tit dan c6 chita toan ti elliptic suy bién. Cac két qua chinh

dat dugc trong luan an bao gom:

1. Déi vdi bai toan bién elliptic suy bién dua ra va ching minh dugc
sy ton tai nghiém yéu clia bai toan véi mot s6 diéu kién ctia s6 hang

phi tuyén, va tinh chinh quy ctia nghieém.

2. D61 v6i phuong trinh hyperbolic tat dan chita toan ti elliptic suy
bién manh trong mién bi chin: Ching minh duge sy ton tai va duy
nhat ctia nghiém tich phan. Ching minh dudgc sy ton tai ciia tap huat
toan cuc lien thong compact trong khong gian S7, ;) () x L*(Q)

va ching minh dugce sé chiéu fractal ciia tap hat 1a hitu han.

3. Déi véi phuong trinh hyperbolic tat dan chita toan tit Grushin trong
toan khong gian: Ching minh dugc sy ton tai va duy nhat cia
nghiém tich phan. Chitng minh dudc sy ton tai ciia tap hat toan
cuc trong khong gian SZ(RY) x L*(RY) .

Kién nghi mot s6 van dé nghién ciu tiép theo

Bén canh cac két qua dat dudce trong luan an, mot sd van dé md lién

quan can dudgce tiép tuc nghién ctu nhu:
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1. Nghién citu diéu kién ton tai nghiém ctia cac bai toan bién néi trén
trong mién khong bi chén, trong mién bi chan véi diéu kién bieén

Dirichlet khong thuan nhat.

2. Nghién ctu sy ton tai tap hat khi ham phi tuyén phu thuoc thoi

gian nhu tap hut 1ui, tap hat déu va cac tinh chat ctia tap hut.

3. Nghién cttu sy ton tai nghiem va dang diéu tiém can nghiém cla
cac phuong trinh hyperbolic suy bién véi cac dieu kién bién khéc
nhau, ching han diéu kién bien khong thuan nhat, diéu kién bién
Neumann, diéu kién bién hén hop, diéu kién bién phi tuyén, ... Dé
lam duge diéu ndy can xay dung duge khong gian c6 trong tuong

tng, dinh 1i nhiing kiéu Sobolev.

4. Nghién citu cadc mo6 hinh tng dung thuc té.
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